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Abstract

In this paper, I establish the validity of the first-order approach to the continuous-
time principal-agent problem with hidden savings. The agent’s problem, which is non-
Markovian, is formulated using a stochastic HJB equation. Without loss of generality,
the payment process is designed so that it is optimal for the agent to choose zero savings.
Then, the principal’s problem can be expressed as maximizing her expected profit sub-
ject to two SDEs: one equation describing the agent’s continuation utility process, and
the other being the Euler equation concerning the agent’s marginal utility process.
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1 INTRODUCTION

1 Introduction
In this paper, I consider a dynamic principal-agent problem in continuous time, in which
the agent can save/borrow without being observed by the principal. The main result is the
validity of the first-order approach, in the sense that the principal’s problem is formulated as
maximizing her expected profit subject to stochastic differential equations (SDE’s)–one equa-
tion describing the evolution of the agent’s continuation utility, and the other corresponding
to the agent’s Euler equation for his utility maximization problem.

Specifically, I study two classes of dynamic principal-agent problems. In the first one, the
agent supplies unobserved effort to produce output. Holmstrom and Milgrom (1987) is the
seminal work that analyzes such a problem in continuous time. Their analysis is restricted to
the case where the agent has an exponential utility function. Sannikov (2008) extends their
framework to a more general setting.

In the second model, the agent does not provide effort. Instead, he manages an asset for
the principal, whose return is only observed by the agent. This problem is considered in the
continuous-time framework by DeMarzo and Sannikov (2006), and Biais et al. (2007).

In both models, I study the optimal contracting problem of the principal when the agent has
a hidden access to risk-free borrowing and lending. In the existing literature, two papers
have addressed a closely related question. Williams (2015) considers a hidden effort model
as Sannikov (2008) but allows for hidden savings. As in Holmstrom and Milgrom (1987),
Williams (2015) assumes the exponential utility function for the agent. In that framework,
he considers a relaxed problem in which the principal maximizes her expected profit subject
to the first-order condition (Euler equation) of the agent, without establishing its sufficiency
for the agent’s problem. It is then verified that the solution to the relaxed problem is indeed
incentive compatible for the agent.

Di Tella and Sannikov (2021) consider the asset management problem as in DeMarzo and
Sannikov (2006), and Biais et al. (2007). They also allow for hidden savings for the agent and
restrict attention to the casewhere the agent’s utility function is of the CRRA form. Then they
establish the first-order approach is valid under some additional condition for the contract
offered by the principal, which is shown to be satisfied at optimum.

In this paper, for both types of the problem, I establish the validity of the first-order approach
without imposing any parametric assumption on the utility function of the agent (aside from
the standard assumptions such as monotonicity, concavity, differentiability, and integra-
bility). I express the agent’s utility maximization problem as a non-Markovian dynamic
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2 HIDDEN EFFORT

programming problem, and then derives the optimality condition as a stochastic Hamilton-
Jacobi-Bellman (HJB) equation. The stochastic HJB equation is first studied by Peng (1992),
and my argument is based on the results in Øksendal and Sulem (2019). When considering
the principal’s problem, without loss of generality, I restrict attention to those contracts for
which the agent chooses zero savings. For such contracts, the agent’s incentive compatibility
conditions are summarized by two SDE’s: one for the continuation utility, and the other for
the Euler equation, which establishes the validity of the first-order approach.

The rest of the paper is organized as follows. Section 2 considers the model with hidden
effort. Section 3 studies the model with hidden returns. Section 4 concludes.

2 Hidden effort
In this section, I consider a version of the dynamic principal-agent model of Sannikov (2008),
modified so that the agent can save/borrow, hidden from the principal.

2.1 The model
Time is continuous and indexed by t ∈ [0, T ], where 0 < T . The time horizon can be made
infinite by considering the limit T → +∞. Let (Ω,F , P ) be a complete probability space, on
which a standard Brownian motion B : [0, T ]× Ω → R is defined. Let F = {Ft}0≤t≤T be the
augmented filtration generated by B. Let also F = FT . All stochastic processes considered
in this paper are assumed to be progressively measurable with respect to F. Let E denote the
expectation operator associated with P .

Let X : [0, T ] × Ω → R be the cumulative output process, which is observable both by the
principal and the agent. I employ the weak formulation,1 and assume that

Xt = σBt,

with σ > 0 is a constant. Note that the augmented filtration generated by X coincides with
F.

The agent provides effort, which affects the probability measure on (Ω,F ). Let N : [0, T ] ×
Ω → N denote the process of the agent’s effort, where N = [0, N ] with N > 0. The effort
process is the agent’s private information, and is not observable by the principal.

1For the weak formulation, see, for instance, Section 10.4 of Cvitanić and Zhang (2013) and Chapter 9 of
Zhang (2017).
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2 HIDDEN EFFORT

The effort process N changes the probability measure on (Ω,F ) from P to PN in the follow-
ing way. Define

MN
t ≡ exp

(∫ t

0

Ns dBs −
1

2

∫ t

0

N2
s ds

)
. (1)

Since N is compact, the Novikov condition is satisfied:2

E
[
exp

(
1

2

∫ T

0

N2
t dt

)]
< ∞, (2)

Thus, MN is a martingale (under P ), so that E[MN
T ] = 1. The probability measure induced

by the effort process N , PN , is defined as:

dPN ≡ MN
T dP. (3)

By the Girsanov theorem,

BN
t ≡ Bt −

∫ t

0

Ns ds (4)

is a standard Brownian motion under PN . Note that

dXt = σ dBt = σNt dt+ σ dBN
t . (5)

Let EN be the expectation operator associated with PN .

At time 0, the principal offers the agent a contract that specifies a wage process Y : [0, T ] ×
Ω → R+. Since Y is progressively measurable with respect to F, the wage payment at any
time t, Yt, is based (only) on the principal’s observation of output until time t, (Xs; 0 ≤ s ≤ t).
The principal can commit to the contract she offers.

The agent can save/borrow at the (constant) risk-free rate r > 0. In addition to the level of
effort, the amounts of savings and consumption are the agent’s private information, and not
observed by the principal. Let C : [0, T ] × Ω → R+ denote the consumption process, and
Ã : [0, T ] × Ω → R the process of the holdings of the risk free bond. Given the contracted
wage process Y , they satisfy the flow budget constraint:

dÃt = (rÃt + Yt − Ct) dt, with Ã0 = 0,

and the “no-Ponzi-game condition”

e−rT ÃT ≥ 0.

2For the Girsanov theorem and Novikov condition, see, for instance, Section 3.5 of Karatzas and Shreve
(1998).

4



2 HIDDEN EFFORT

For the asset position of the agent, I prefer using the discounted valueAt ≡ e−rtÃt. Then, the
flow budget constraint is given by

dAt = e−rt(Yt − Ct) dt, with A0 = 0, (6)
and the no-Ponzi-game condition is by

AT ≥ 0. (7)

The agent’s objective is to maximize the expected utility:

EN

[∫ T

0

e−ρtu(Ct, Nt) dt

]
(8)

where ρ ≥ r is the agent’s subjective time discount rate. I assume that u(c, n) is bounded;
continuously differentiable with bounded derivatives; monotonic: uc > 0, un < 0; strictly
concave in (c, n); and limc→∞ uc(c, n) = 0 for all n ∈ N .3 I restrict a pair of consumption and
effort processes (C,N) to be F-progressively measurable, Ct ≥ 0 andNt ∈ N for all t ∈ [0, T ],
and E

[∫ T

0
(e−rtCt)

2
dt
]
< ∞. It is called budget-feasible if the solution A of (6) satisfies (7).

LetY be the set of allF-progressivelymeasurable processes Y such that Yt ≥ 0 for all t ∈ [0, T ],
and

E
[∫ T

0

(
e−rtYt

)2
dt

]
< ∞. (9)

Given a contract (wage process) Y ∈ Y, a pair of consumption and effort processes (C,N)

is said to be incentive compatible if it maximizes the agent’s expected utility (8) subject to the
budget constraint given by (6)-(7).

The principal’s objective is to maximize her expected profit:

EN

[∫ T

0

e−rt (dXt − Yt dt)

]
= EN

[∫ T

0

e−rt(Nt − Yt) dt

]
. (10)

In the following subsections, when I discuss the agent’s problem, contract Y ∈ Y is taken as
given and fixed.

2.2 Necessity of the first order conditions
Corresponding to a pair of consumption and effort processes (C,N), the agent’s utility pro-
cessWA

t is defined as

WA
t ≡ EN

t

[∫ T

t

e−ρsu(Cs, Ns) ds

]
,

3The boundedness of u, uc and un is assumed for simplicity, and can be relaxed. What is needed here is the
integrability restrictions such as Assumption 10.2.2 in Cvitanić and Zhang (2013).
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2 HIDDEN EFFORT

By the extendedmartingale representation theorem (e.g., Lemma10.4.6 inCvitanić andZhang
(2013)), there exists (e−ρtZA

t )0≤t≤T ∈ L2(F, PN) such that4

WA
t =

∫ T

t

e−ρsu(Cs, Ns) ds−
∫ T

t

e−ρsZA
s dBN

s .

Since dBN
t = dBt −Nt dt, (WA

t , e
−ρtZA

t ) is also viewed as the solution to the following back-
ward stochastic differential equation (BSDE):5

WA
t =

∫ T

t

e−ρs
[
u(Cs, Ns) + ZA

s Ns

]
ds−

∫ T

t

e−ρsZA
s dBs. (11)

The agent’s problem is to choose the consumption and effort processes (C,N) so as to maxi-
mizeW0 subject to (11) and (6)-(7).

For each (C,N), the adjoint process for WA is given by the Radon-Nikodym density MN

defined by (1), and the adjoint process forA is given by the solution (Γt, e
−ρtZΓ

t ) to the BSDE:

dΓt = e−ρtZΓ
t dBt, ΓT = MN

T e−ρT∂cu(CT , NT ). (12)

The Hamiltonian is defined as

H(t, y, c, n, zA,mN , γ) ≡ mNe−ρt
[
u(c, n) + zAn

]
+ γe−rt(y − c). (13)

The first-order conditions for (C,N) are derived from maximizing the Hamiltonian for each
t and (Yt, Z

A
t ,M

N
t ,Γt):

max
c∈R+,n∈N

H(t, Yt, c, n, Z
A
t ,M

N
t ,Γt)

Under the assumptions here, as long as Γt > 0, this maximization problem has a unique
solution (Ct, Nt) ∈ R+ ×N , which satisfies the following first-order conditions:

∂cH(t, Yt, Ct, Nt, Z
A
t ,M

N
t ,Γt)

{
≤ 0, if Ct = 0,

= 0, if Ct > 0,
(14)

∂nH(t, Yt, Ct, Nt, Z
A
t ,M

N
t ,Γt)


≤ 0, if Nt = 0,

= 0, if Nt ∈ (0, N),

≥ 0, if Nt = N.

(15)

The necessity is standard. Here, it can be proven in (almost) the same way as in Theorem
10.2.5 of Cvitanić and Zhang (2013).

4L2(F, P ℓ) is the space ofF-progressivelymeasurable processes x such that ∥x∥2 ≡
(
Eℓ

[∫ T

0
|xt|2 dt

]) 1
2

< ∞.

5For BSDEs, see, for instance, Chapter 4 of Zhang (2017).
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2 HIDDEN EFFORT

Proposition 1. Let a wage process Y ∈ Y be given. Consider a pair of consumption and effort
processes (Ĉ, N̂) satisfying the budget constraint, so that the associated wealth process Â satisfies

dÂt = e−rt(Yt − Ĉt) dt, Â0 = 0, ÂT ≥ 0.

Let (ŴA, ẐA) be the solution to (11):

dŴA
t = −e−ρt

[
u(Ĉt, N̂t) + ẐA

t N̂t

]
dt+ e−ρtẐA

t dBt, ŴA
T = 0,

that is, ŴA is the agent’s utility process associated with (Ĉ, N̂). Let M̂N and (Γ̂, ẐΓ) be the solutions
to the SDE and BSDE given, respectively, by:

dM̂N
t = M̂N

t N̂t dBt, M̂N
0 = 1,

dΓ̂t = e−ρtẐΓ
t dBt, Γ̂T = M̂N

T e(r−ρ)Tuc(ĈT , N̂T ).

If (Ĉ, N̂) is incentive compatible for the agent, then the first-order conditions are satisfied:

M̂N
t e−ρt∂cu(Ĉt, N̂t)− Γ̂te

−rt

{
≤ 0, if Ĉt = 0,

= 0, if Ĉt > 0,

∂nu(Ĉt, N̂t) + ẐA
t


≤ 0, if N̂t = 0,

= 0, if N̂t ∈ (0, N),

≥ 0, if N̂t = N.

and ÂT = 0.

It is useful to define

Λt ≡
Γt

MN
t

.

Then, using the Itô formula, we see that (Λt, e
−ρtZΛ

t ) is the solution to the following BSDE:

dΛt = −Nte
−ρtZΛ

t dt+ e−ρtZΛ
t dBt; ΛT = e(r−ρ)T∂cu(CT , Nt). (16)

Then the first-order conditions in Proposition 1 are rewritten as:

e−ρt∂cu(Ĉt, N̂t)− Λ̂te
−rt

{
≤ 0, if Ĉt = 0,

= 0, if Ĉt > 0,
(17)

∂nu(Ĉt, N̂t) + ẐA
t


≤ 0, if N̂t = 0,

= 0, if N̂t ∈ (0, N),

≥ 0, if N̂t = N.

(18)
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2 HIDDEN EFFORT

2.3 Difficulty to prove the sufficiency of the first-order conditions
The Hamiltonian H defined in (13) is strictly concave in (c, n) under our assumption. Then,
it might appear to be straightforward to show the validity of the first-order approach using
the stochastic maximum principle. Unfortunately, that is not true. It is because to apply
the existing theorem on the sufficiency of the stochastic maximum principle (e.g., Theorem
10.2.9 of Cvitanić and Zhang (2013)), we need the Hamiltonian H to be concave in (c, n, zA).
However, because of the multiplicative term nzA in H , this concavity assumption is not sat-
isfied.6

The multiplicative term nzA is due to the fact that the agent’s choice of the effort process N
affects the probability distribution of the cumulative output process X . Thus, this difficulty
has the same root as the existing literature on the static and discrete-time models encounters
on the validity of the first-order approach to the principal-agent model. In the next subsec-
tion I prove the validity of the first-order approach based on the stochastic Hamilton-Jacobi-
Bellman equation, rather than the stochastic maximum principle.

2.4 Sufficient conditions
To establish the validity of the first-order approach for the principal’s problem in the next
subsection, I begin by deriving the sufficient conditions for the agent’s utility maximization
problem based on the dynamic programming approach for non-Markovian systems. In par-
ticular, I follow the approach described in Section 5.4 of Øksendal and Sulem (2019).

Here, I define the agent’s strategy by a pair of functions c(t, a, ω) and n(t, a, ω), where c :

[0, T ] × R × Ω → R+ and n : [0, T ] × R × Ω → N . I assume that c and n are F-progressively
measurable for any fixed a; and c and n are uniformly Lipschitz continuous in a. These
assumptions are made so that Assumption 2.1 in Ma et al. (2012) is satisfied.

Notice that the agent’s strategy is not required to be Markovian because c and n are allowed
to depend on ω ∈ Ω. In other words, the choice of consumption and effort at each point of
time t can depend on the whole history of output (Xs : 0 ≤ s ≤ t) in addition to time t and
the amount of asset At.

Associated with a given strategy (c, n), (A,WA, ZA) is given by the solution to the forward

6The difficulty in applying the sufficiency theorem of the stochastic maximum principle for the principal-
agent model has been discussed, for instance, in Williams (2008), and Cvitanić and Zhang (2013).
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2 HIDDEN EFFORT

backward stochastic differential equations (FBSDE):

dAt = e−rt
{
Y (t, ω)− c(t, At, ω)

}
dt, A0 = 0; (19)

dWA
t = −e−ρt

{
u
(
c(t, At, ω), n(t, At, ω)

)
+ ZA

t n(t, At, ω)
}
dt+ e−ρtZA

t dBt, WA
T = 0. (20)

LetQ be the set of all (s, a) ∈ [0, T ]×R such that there exists a strategy (c, n) such thatAT ≥ 0

a.s., where A is the solution to SDE (19) with initial condition As = a. Clearly, Q takes the
form that Q = {(t, a) ∈ [0, T ]× R : a ≥ at} for some function a : [0, T ] → (−∞, 0].

Given the no-Ponzi-game constraint (7), itmight be natural to restrict the domain of strategies
(and the associated values) to beQ×Ω. However, it turns out to be more convenient to have
their domain be [0, T ]× R× Ω. For this purpose, I call a strategy (c, n) to be budget-feasible if
c(t, a, ω) = 0 for all (t, a) /∈ Q. Let Π be the set of budget feasible strategies, which depends
on the contract Y . This definition of the budget-feasibility is consistent with the no-Ponzi-
game constraint in the sense that starting with (t, a) ∈ Q, AT ≥ 0 a.s. for any budget feasible
strategy (c, n).

Notice that FBSDE (19)-(20) is decoupled in the sense that the SDE for A does not depend on
the backward components (WA, ZA). Further, it follows from Theorem 8.3.5 in Zhang (2017)
that FBSDE (19)-(20) has a regular decoupling fieldwA : [0, T ]×R×Ω → R and admits a unique
solution.7 The solution to FBSDE (19)-(20) satisfies

WA
t = wA(t, At, ω), ∀t ∈ [0, T ], a.s.

As shown in Ma et al. (2012), the decoupling field wA can be characterized as (a part of) the
solution to a backward stochastic partial differential equation (BSPDE). To see it heuristically,
suppose that for each a ∈ R, (wA, e−ρtzA) is the solution to the BSDE:

dwA(t, a, ω) = −Gc,n(t, a, ω) dt+ e−ρtzA(t, a, ω) dBt, (21)
wA(T, a, ω) = 0, (22)

where the function Gc,n : [0, T ]× R× Ω → R is to be determined.

By applying the Itô-Ventzell formula,8 we obtain

dwA(t, At, ω) =
{
−Gc,n(t, At, ω) + ∂aw

A(t, At, ω)e
−rt

[
Y (t, ω)− c(t, At, ω)

]}
dt

+ e−ρtzA(t, At, ω) dBt, (23)

7For the decoupling field, see, for instance, Definition 8.3.2 in Zhang (2017).
8See, for instance, Zhang (2017), p. 238.
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2 HIDDEN EFFORT

where ∂awA(t, a, ω) ≡ ∂wA

∂a
(t, a, ω). Comparing (20) and (23), we obtain

ZA
t = zA(t, At, ω) (24)

and

Gc,n(t, a, ω) = e−ρt
{
u
[
c(t, a, ω), n(t, a, ω)

]
+ zA(t, a, ω)n(t, a, ω)

}
+ ∂aw

A(t, a, ω)e−rt
[
Y (t, ω)− c(t, a, ω)

] (25)

With Gc,n(t, a, ω) given by (25), the system of equations given by (21)-(22) define a backward
stochastic partial differential equation (BSPDE). The unique existence of a (regular weak)
solution (wA, zA) to this BSPDE is guaranteed by Theorem 6.1 of Ma et al. (2012).

Now we can apply the stochastic HJB equation (Theorem 5.16) of Øksendal and Sulem (2019)
to show the following proposition.9

Proposition 2. Let a wage process Y ∈ Y be given. Consider a budget feasible strategy of the agent
(ĉ, n̂) ∈ Π, and let (Â, ŴA, ẐA) be the associated solution to FBSDE (19)-(20). Let (ŵA, ẑA) be the
solution to the BSPDE (21)-(22). Assume that for each (t, a, ω), (ĉ(t, a, ω), n̂(t, a, ω)) is a maximizer
of Gc,n(t, a, ω):(

ĉ(t, a, ω), n̂(t, a, ω)
)
∈ arg max

(c,n)∈R+×N

{
e−ρt

[
u(c, n) + ẑA(t, a, ω)n

] (26)

+ ∂aŵ
A(t, a, ω)e−rt

[
Y (t, ω)− c

]}
Then (ĉ, n̂) is an optimal strategy with optimal value

sup
(c,n)∈Π

WA
0 = ŵA(0, 0, ω).

The first-order conditions associated with the maximization problem in (26) are

e−ρt∂cu
[
ĉ(t, a, ω), n̂(t, a, ω)

]
− ∂aŵ

A(t, a, ω)e−rt

{
≤ 0, if ĉ(t, a, ω) = 0,

= 0, if ĉ(t, a, ω) > 0,
(27)

∂nu
[
ĉ(t, a, ω), n̂(t, a, ω)

]
+ ẑA(t, a, ω)


≤ 0, if n̂(t, a, ω) = 0,

= 0, if n̂(t, a, ω) ∈ (0, N),

≥ 0, if n̂(t, a, ω) = N.

(28)

Let us compare the first-order conditions obtained in the necessity proposition: equations
(17)-(18), and those obtained for sufficiency: equations (27)-(28). As in (24), we already know

9As discussed in Section 11.3 of Zhang (2017), stochastic HJB equations can be considered as path dependent
HJB equations, and one may apply the results on path dependent HJB equations.
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2 HIDDEN EFFORT

that ẐA
t = ẑA(t, Ât, ω) for all t ∈ [0, T ] a.s. Thus, those conditions are equivalent if Λ̂t =

∂aŵ
A(t, Ât, ω) for all t a.s.

To see it, notice that (Ât, Λ̂t, e
−ρtẐΛ

t ) is the solution to the decoupled FBSDE:

dÂt = e−rt
{
Y (t, ω)− ĉ(t, Ât, ω)

}
dt, Â0 = 0;

dΛ̂t = −n̂(t, Ât, ω)e
−ρtẐΛ

t + e−ρtẐΛ
t dBt, Λ̂T = e(r−ρ)T∂cu

[
ĉ(T, ÂT , ω), n̂(T, ÂT , ω)

]
. (29)

This system has a unique regular decoupling field. On the other hand, from the definition of
Gc,n in (25), it follows that

∂aG
ĉ,n̂(t, a, ω) = e−ρt∂aẑ

A(t, a, ω)n̂(t, a, ω) + ∂aaw
A(t, a, ω)

[
Y (t, ω)− ĉ(t, a, ω)

] (30)

The BSPDE for ∂aŵA(t, a, ω) is

d
[
∂aŵ

A(t, a, ω)
]
= −∂aG

ĉ,n̂(t, a, ω) dt+ e−ρt∂aẑ
A(t, a, ω) dBt

Then, using the Itô-Ventzell formula,

d
[
∂aŵ

A(t, Ât, ω)
]
= −e−ρt∂aẑ

A(t, At, ω)n̂(t, Ât, ω) dt+ e−ρt∂aẑ
A(t, Ât, ω) dBt (31)

Comparing equations (29) and (31), we conclude that ∂aŵA(t, a, ω) is indeed the decoupling
field for Λ̂.:

Λ̂t = ∂aŵ(t, Ât, ω), and ẐΛ
t = ∂aẑ

A(t, Ât, ω), ∀t ∈ [0, T ], a.s.. (32)

2.5 Principal’s problem: First-order approach
In the previous subsection, it is shown that incentive compatible strategies of the agent are
characterized by the stochastic HJB equation (26). Based on that result, the validity of the
first-order approach to the principal’s problem is established in this subsection.

For this purpose, I assume that for each contract Y ∈ Y, there exists an incentive compatible
strategy of the agent (c, n) ∈ Π satisfying (26). In addition, as is standard in the literature,10 I
restrict attention to those contracts for which the agent chooses to neither save nor borrow:

At = 0, ∀t ∈ [0, T ], a.s. (33)

This condition is equivalent to

c(t, 0, ω) = Y (t, ω), ∀t ∈ [0, T ], a.s. (34)

10See, for instance, Williams (2015) and Di Tella and Sannikov (2021).
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2 HIDDEN EFFORT

The zero saving strategy is incentive compatible for the agent if Y and n satisfy

e−ρt∂cu
[
Y (t, ω), n(t, 0, ω)

]
− ∂aw

A(t, 0, ω)e−rt

{
≤ 0, if Y (t, ω) = 0,

= 0, if Y (t, ω) > 0,
(35)

∂nu
[
Y (t, ω), n(t, 0, ω)

]
+ zA(t, 0, ω)


≤ 0, if n(t, 0, ω) = 0,

= 0, if n(t, 0, ω) ∈ (0, N),

≥ 0, if n(t, 0, ω) = N.

(36)

Since At = 0 for all t ∈ [0, T ] a.s. under the zero-saving strategy, the values of c(t, a, ω)
and n(t, a, ω) for a ̸= 0 are irrelevant for the principal. Hence, the principal’s problem is to
maximize her expected profit (10) subject toNt = n(t, 0, ω); Y and n(t, 0, ω) satisfy conditions
(35)-(36), where (wA, zA) is the solution to the BSPDE (21)-(22).

Now, recall thatwA is the decoupling field ofWA and ∂aw
A is that of Λ. It implies the validity

of the first-order approach as stated in the next proposition.

Proposition 3. Given WA
0 , the principal’s problem is to choose a contract Y ∈ Y so as to maximize

her expected profit:

EN

[∫ T

0

e−rt(Nt − Yt) dt

]
(37)

subject to

dWA
t = −e−ρt

{
u(Yt, Nt) + ZA

t Nt

}
dt+ e−ρtZA

t dBt, WA
T = 0, (38)

dΛt = −Nte
−ρtZΛ

t dt+ e−ρtZΛ
t dBt, ΛT = e(r−ρ)T∂cu(YT , Nt), (39)

and

e−ρt∂cu(Yt, Nt)− Λte
−rt

{
≤ 0, if Yt = 0,

= 0, if Yt > 0,
(40)

∂nu(Yt, Nt) + ZA
t


≤ 0, if Nt = 0,

= 0, if Nt ∈ (0, N),

≥ 0, if Nt = N.

(41)

There are different ways to solve the principal’s problem, as is described, for instance, in
Cvitanić and Zhang (2013). Here, I illustrate the approach based on dynamic programming.
For this purpose, let us first rewrite the equations obeyed by WA and Λ in Proposition 3 as
SDEs, rather than BSDEs:

WA
t = WA

0 −
∫ t

0

e−ρs
{
u
(
Y (s, ZA

s ,Λs), N(s, ZA
s ,Λs)

)
+ ZA

s N(s, ZA
s ,Λs)

}
ds−

∫ t

0

e−ρsZA
s dBs,

Λt = Λ0 −
∫ t

0

N(s, ZA
s ,Λs)e

−ρsZΛ
s dt+

∫ t

0

e−ρsZΛ
s dBs.

12



3 HIDDEN RETURNS

where Y (t, zA, λ) and N(t, zA, λ) are the solution to (40)-(41). Next, since dBt = dBN
t +Nt dt,

these equations are rewritten as

WA
t = WA

0 −
∫ t

0

e−ρsu
(
Y (s, ZA

s ,Λs), N(s, ZA
s ,Λs)

)
ds−

∫ t

0

e−ρsZA
s dBN

s , (42)

Λt = Λ0 +

∫ t

0

e−ρsZΛ
s dBN

s . (43)

The principal takes the agent’s initial utilityWA
0 as given, and commits herself to delivering

it to the agent. On the other hand, the initial value of Λ, Λ0, is chosen by the principal to
maximize her expected profit.

The principal’s problem is to maximize (37) subject to (42)-(43). Let V P (t, w, λ) be the value
function for the principal’s problem. The HJB equation is

sup
zA,zΛ

{
e−rt

[
N(t, zA, λ)− Y (t, zA, λ)

]
+ ∂tV

P − ∂wV
P e−ρtu

(
Y (t, zA, λ), N(t, zA, λ)

)
+

1

2
∂wwV

P (e−ρtzA)2 − ∂wλV
P e−2ρtzAzΛ +

1

2
∂λλV

P (e−ρtzΛ)2

}
= 0 (44)

with the terminal condition V P (T,w, λ) = 0. For a given initial valueWA
0 , the initial value of

Λ is determined by maximizing V P (0,WA
0 , ·).

Remark. Proposition 3 might be extended to the case where shocks follow aMarkov chain,
rather than a Brownian motion. Then it would apply to the optimal unemployment insur-
ance problem considered, for instance, by Hopenhayn and Nicolini (1997), Kocherlakota
(2004), Mitchell and Zhang (2010).

3 Hidden returns
In this section, I consider a version of the principal-agent model studied by Di Tella and
Sannikov (2021). The key innovation is that I assume neither CRRA preferences for the agent
nor the restriction on the volatility of the compensation process assumed by Di Tella and
Sannikov (2021).

3.1 The model
The agent manages risky capital delegated by the principal. The instantaneous return of
capital reported to (observed by) the principal is

dRt = (r + α−Nt) dt+ σ dBN
t

13



3 HIDDEN RETURNS

where r is the risk-free rate; α > 0 is the risk premium; σ > 0 is the volatility of the return;
Nt ≥ 0 is the hidden action that the agent takes to divert returns for his private benefits; and
BN is a standard Brownian motion defined by equation (49) below.

As in the previous section, I state the model in the framework of weak formulation. Suppose
that (Ω,F , P ) is a complete probability space, on which a standard Brownian motion B is
defined; F = {Ft}0≤t≤T is the augmented filtration generated by B; and E is the expectation
operator associated with P .

The cumulative return process is defined as the strong solution to

dRt = (r + α) dt+ σ dBt

The diversion actionN affects the probability distribution of the return process. Let N be the
set of F-progressively measurable processes N : [0, T ]× Ω → R+ such that N/σ satisfies the
Novikov condition:

E
[
exp

(
1

2

∫ T

0

N2
t

σ2
dt

)]
< ∞, (45)

and

E
[∫ T

0

e−2rtN4
t dt

]
< ∞. (46)

Then, for N ∈ N, the processMN defined by

MN
t ≡ exp

(
−
∫ t

0

Ns

σ
dBs −

1

2

∫ t

0

N2
s

σ2
ds

)
(47)

is a martingale; the probability measure PN defined by

dPN ≡ MN
T dP (48)

is the measure induced by action N ; and Bℓ defined by

BN
t ≡ Bt +

∫ t

0

Ns

σ
ds (49)

is a standard Brownian motion on (Ω,F , PN). The return process R is then expressed as

dRt = (r + α) dt+ σ dBt = (r + α−Nt) dt+ σ dBN
t (50)

A contract offered by the principal consists of a pair of processes (Y,K) ∈ Y×K, where Yt is
the wage at time t; Kt is the amount of capital that the agent is delegated to manage at time
t; and K is the set of progressively measurable processes K : [0, T ]× Ω → R+ such that

E
[∫ T

0

e−2rtK4
t dt

]
< ∞.

14



3 HIDDEN RETURNS

Diversion of Nt ≥ 0 gives the agent a flow of funds ϕNtKt, where ϕ ∈ (0, 1).

Without known by the principal, the agent can freely borrow and lend at the risk-free interest
rate r, subject to the no-Ponzi-game condition (7). Let Ãt be the risk-free asset owned by the
agent at time t, and let At ≡ e−rtÃt. Then, the budget constraint of the agent is given by

dAt = e−rt(Yt + ϕKtNt − Ct) dt, A0 = 0, AT ≥ 0, (51)

Here C ∈ C is the consumption process of the agent, where C ≡ Y.

Given the contract (Y,K) ∈ Y × K, the agent chooses (C,N) ∈ C × N so as to maximize his
expected utility

Eℓ

[∫ T

0

e−ρtu(Ct) dt

]
(52)

subject to the budget constraint (51), where ρ ≥ r > 0. Here, the flow utility function u is a
function of Ct. I make similar assumptions as in the previous section: u is bounded; contin-
uously differentiable with bounded derivatives; monotonically increasing; strictly concave;
and limc→∞ uc(c) = 0.

A pair (C,N) is said to be incentive compatible with respect to (Y,K) if it solves the agent’s
utility maximization problem.

3.2 Necessity of the first order conditions
Associated with a consumption process C ∈ C, the agent’s utility processWA is defined as

WA
t ≡ EN

t

[∫ T

t

e−ρsu(Cs) ds

]
By the extendedmartingale representation theorem (Cvitanić and Zhang (2013)), there exists
(e−ρtσZA

t )0≤t≤T ∈ L2(F, PN) such that

WA
t =

∫ T

t

e−ρsu(Cs) ds−
∫ T

t

e−ρsσZA
s dBN

s

Since dBN
t = dBt +Nt/σ dt, (WA

t , e
−ρtσZA

t ) is the solution to the BSDE:

WA
t =

∫ T

t

e−ρs
[
u(Cs)− ZA

s Ns

]
ds−

∫ T

t

e−ρsσZA
s dBs. (53)

The agent’s problem is to choose (C,N) ∈ C× N to maximizeWA
0 subject to (51) and (53).

For a given pair (C,N), the adjoint process for WA is given by MN defined by (47), and the
adjoint process for A is given by the solution (Γt, e

−ρtZΓ
t ) of the BSDE:

dΓt = e−ρtZΓ
t dBt, ΓT = MN

T e−ρT∂cu(CT ).

15



3 HIDDEN RETURNS

The Hamiltonian is defined by

H(t, y, k, c, n, zA,mN , γ) ≡ mNe−ρt
[
u(c)− zAn

]
+ γe−rt(y + ϕkn− c)

The first-order conditions for (C,N) are derived from maximizing the Hamiltonian for each
t and (Yt, Kt, Z

A
t ,M

N
t ,Γt).

Of particular interest is the condition under which “no diversion,” N = 0, is an incentive
compatible choice of the agent. The next proposition describes a necessary condition for its
optimality. Note that when N = 0, the adjoint processMN

t = 1 for all t, and thus is dropped
from the optimality conditions.

Proposition 4. Let (Y,K) ∈ Y×K be a given pair of wage and capital processes. Consider a pair of
consumption and no-diversion processes (Ĉ, 0) ∈ C×N satisfying the budget constraint, so that the
associated wealth process Â satisfies (51):

dÂt = e−rt(Yt − Ĉt) dt, Â0 = 0, ÂT ≥ 0.

The associated utility process (ŴA, ẐA) is the solution to the BSDE (53):

dŴA
t = −e−ρtu(Ĉs) ds+ e−ρtσZA

t dBt, ŴA
T = 0.

The adjoint process for α̂ is given by the solution (λ̂, Ẑλ) to the BSDE:

dΓ̂t = e−ρtẐΓ
t dBt, Γ̂T = e−ρTuc(ĈT ).

Consider the Hamiltonian:

H(t, y, k, c, n, zA, 1, γ) ≡ e−ρt
[
u(c)− zAN

]
+ γe−rt(y + ϕkn− c)

Then, necessary conditions for (Ĉ, 0) to be incentive compatible for the agent are given by the first-
order conditions

e−ρtuc(Ĉt)− Γ̂te
−rt

{
≤ 0, if Ĉt = 0,

= 0, if Ĉt > 0,

−e−ρtẐA
t + Γ̂te

−rtϕKt ≤ 0.

and the transversality condition: ÂT = 0.

3.3 Sufficient condition
Just as in the hidden-effort model discussed in the previous section, the sufficiency theorem
of the stochastic maximum principle (e.g. Theorem 10.2.9 of Cvitanić and Zhang (2013)) is

16



3 HIDDEN RETURNS

not applicable because of the term zAN in the Hamiltonian. Instead, again, I employ the
dynamic programming approach.

A contract (Y,K) × Y × K is given and fixed. The agent’s strategy is defined by a pair of
functions c(t, a, ω) andn(t, a, ω), where c : [0, T ]×R×Ω → R+ andn : [0, T ]×R×Ω → R+, such
that c and n are F-progressively measurable for any fixed a, and that c and n are uniformly
Lipschitz continuous in a.

Associated with a strategy (c, n), (A,WA, ZA) is given by the (decoupled) FBSDE:

dAt = e−rt
{
Y (t, ω) + ϕK(t, ω)n(t, At, ω)− c(t, At, ω)

}
dt, A0 = 0, (54)

dWA
t = −e−ρt

{
u(Ct)− ZA

t Nt

}
dt+ e−ρtσZA

t dBt, WA
T = 0. (55)

It has a regular decoupling field wA : [0, T ]× R× Ω → R and admits a unique solution such
that

WA
t = wA(t, At, ω), ∀t ∈ [0, T ], a.s.

LetQ be the set of all (s, a) ∈ [0, T ]×R such that there exists a strategy (c, n) such thatAT ≥ 0

a.s. A strategy is called budget-feasible if c(t, a, ω) = 0 for all (t, a) /∈ Q. Let Π be the set of
budget-feasible strategies.

As in the previous section, the BSPDE for the decoupling field wA is derived as

dwA(t, a, ω) = −Gc,n(t, a, ω) dt+ e−ρtzA(t, a, ω) dBt (56)
wA(T, a, ω) = 0, (57)

where

Gc,n(t, a, ω) ≡ e−ρt
{
u
[
c(t, a, ω)

]
− zA(t, a, ω)n(t, a, ω)

}
(58)

+ ∂aw
A(t, a, ω)e−rt

{
Y (t, ω) + ϕK(t, ω)n(t, a, ω)− c(t, a, ω)

}
Thenwe can apply the stochasticHJB equation (Theorem5.16) ofØksendal and Sulem (2019).

Proposition 5. Let a contract (Y,K) ∈ Y × K be given. Consider a budget feasible strategy of the
agent (ĉ, 0) ∈ Π, and let (Â, ŴA, ẐA) be the associated solution to FBSDE (54)-(55). Let (ŵA, ẑA)

be the solution to the BSPDE (56)-(57). Assume that for each (t, a, ω), (ĉ(t, a, ω), 0) is a maximizer
of Gc,n(t, a, ω):(

ĉ(t, a, ω), 0
)
∈ arg max

(c,n)∈R+×N

{
e−ρt

[
u(c, n)− ẑA(t, a, ω)n

] (59)

+ ∂aŵ
A(t, a, ω)e−rt

[
Y (t, ω) + ϕK(t, ω)n− c

]}
17



4 CONCLUSION

Then (ĉ, 0) is an optimal strategy with optimal value

sup
(c,n)∈Π

WA
0 = ŵA(0, 0, ω).

3.4 Principal’s problem
Given a promised level of initial utility of the agent,WA

0 . the principal’s objective is to min-
imize the expected cost of deliveringWA

0 to the agent:

EN

[∫ T

0

e−rt(Ct − αKt)

]
where α is the risk premium in (50).

Again, I restrict attention to contracts such that

c(t, 0, ω) = Y (t, ω), ∀t ∈ [0, T ], a.s.

so that

At = 0, ∀t ∈ [0, T ], a.s.

Then the following proposition follows.

Proposition 6. Given WA
0 , the principal’s problem is to choose a contract (Y,K) ∈ Y × K so as to

minimize the expected cost:

EN

[∫ T

0

e−rt(Yt − αKt) dt

]
(60)

subject to

dWA
t = −e−ρt

{
u(Yt)− ZA

t Nt

}
dt+ e−ρtZA

t dBt, WA
T = 0, (61)

dΓt = e−ρtZΓ
t dBt, ΓT = e(r−ρ)T∂cu(YT ), (62)

and

e−ρt∂cu(Yt)− Γte
−rt

{
≤ 0, if Yt = 0,

= 0, if Yt > 0,
(63)

−e−ρtZA
t + Γte

−rtϕKt ≤ 0. (64)

4 Conclusion
In this paper, I establish the validity of the first-order approach for the principal-agent prob-
lems with hidden saving in continuous time. The principal offers a contract to the agent,
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where the payment to the agent at each point in time may depend on the history of observ-
able state in an arbitrary way. It make the agent’s optimization problem non-Markovian.
I use the theory of stochastic HJB equations to characterize the optimality condition for the
agent. Then, without loss of generality, I focus onwage contracts for which the agent chooses
zero savings. Given this, I show that the principal’s optimization problem can be expressed
as maximizing her expected profit subject to two SDEs: one equation describing the agent’s
continuation utility process, and the other being the Euler equation concerning the agent’s
marginal utility process. My result is an extension of those obtained by Williams (2015) and
Di Tella and Sannikov (2021).
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