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I. INTRODUCTION
II. THE IMPLEMENTATION MODEL
Preliminaries

Throughout the paper, if X is a topological space, we treat it as a measurable space
with its Borel sigma field, and the space of Borel probability measures on X is denoted
by A(X). Spaces A(X) are endowed with the topology of weak convergence of
measures. Throughout the paper, we treat each countable set as a topological space
endowed with the discrete topology. A subset Y of a topological space X is a dense
subset of X if the closure of Y in X is equal to X. With abuse of notation, given a
space X, let 0, denote a degenerate distribution in A (X) assigning probability 1 to

We consider a finite set of players Z = {1,...,1}. Each player i has a bounded
utility function wu; : A (A) x © — R where A is the set of (pure) outcomes and O is
the set of states (of nature). For each 6 € ©, u; (-,0) satisfies the expected utility
hypothesis. We assume that © and A are separable metric spaces.

Throughout the paper, if, for each ¢ € Z, there is a space X;, we write X as an
abbreviation for II;czX; and, for each ¢ € Z, X_; for ILjcq (1 X;.

A model (of incomplete information) is a pair 7 = (T, k), where T = ;7 T; is a
countable type space and, for each i € Z, k (t;) € A (O x T_;) denotes the associated
beliefs for each type t; € T; of player ¢ satisfying the following condition: For all
ti € T;, Supp(k (t;)) = A (O x T_;).

A typical type profile of T (resp., T_;) is denoted by ¢ (resp., t_;). Throughout the
paper, we rule out the case that 7 is a model of complete information, for the sake
of simplicity.

A (stochastic) mechanism is a pair M = (M, g), where M =;c7 M; is a message
space and the outcome function g : M — A (A) assigns to every m € M an element
of A(A). For each i € Z, M; is player i’s message space, which is assumed to be a
(nonempty) countable set. A message profile m € M is often written as (m;, m_;),

where m_; € M_;.



Solution concepts

Given a mechanism M and a model 7, U (M, T) denotes the induced game of incom-
plete information. In this game, a (behavioral) strategy of player i is any measurable
function o; : T; — A (M;). We write o; (;) [m;] for the probability that o; assigns to
m; when player i is of type t;. Player i’s strategy o; is a pure strategy if o; : T; — M.
Given a mechanism M, for each ¢ € Z, player i’s best response correspondence BR;

from A (O x M_;) to M; be defined, for all m; € A(© x M_;), by

BR; (m;| M) = arg max > w0, moi] [ui (g (mi,m_;) ,0)]

m;EM,;
(O,m_;)EOXM_;

Since we allow for infinite mechanisms, the correspondence may be empty. For all
i€l allt; €Ty and all 0 = (0)) jcq 3y, We write m; (4, 0-;) € A (O x M_;) for the
joint distribution on the underlying uncertainty and the messages of other players

induced by t; and inEl

Definition 1. Let U (M, 7T) be any game of incomplete information. A profile of
pure strategies 0 = (0;),.; is a pure strategy Bayes-Nash equilibrium of U (M, T) if,
for all i € 7 and all t; € T;,

m; € Supp (Ui (tl)) = m; € BR; <7Ti (tlv O-*i) |M) :

We denote by BNE (U (M, T)) the set of all pure strategy Bayes-Nash equilibria of
UM,T).

Next, let us define the solution concept of interim correlated rationalizability (ICR,
henceforth), which was introduced by Dekel et al| (2007). Before introducing it, we
need additional notation. Fix any pair (M, 7). For all i € Z, let X; be a nonempty
correspondence from T to 2M:\ {§}, and let &7 denote the set of all nonempty

correspondences from T; to 2\ {#}. Let &GM7T = HZEZGZM’T, with ¥ as a typical

!Formally, i (ti, 0_4) IS AOxM_;) is defined by m(t,o) =
Youer, k(ti)[0,ti]oi(t—;)[m_;], where r(t;)[0,t_;] is the probability attached to [0,t_]
under & (t;), and o_; (t—;) [m—;] is the probability attached to m_; under o_; (t_;).
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profile of M7, For all i € Z and all t; € T}, let A**) (© x T_; x M_;) be defined by
AR (@ x Ty x M_;) = {m € A(O X T_; x M_;) |margg, . m =k ()},
and, for all ¥_; € ™7 let A® (O x T_; x M_;) be defined by

™ | T € A (@ X T,i X M,Z) and

AZf'L‘ (@ X T—i X M_Z) =
T, [Q,t_i,m_i] >0 = m_; €X_; (t_l)

For all (M, T) and all ¥ € M7, X is a best-reply set in U (M, T) if, for all i € Z,
all t; € T; and all m; € 3; (t;), there exists

™ € Aﬁ(ti) ((") X T,Z‘ X M,l) N AEii (@ X T,Z' X M,l)
such that
m; € BR; (margg, ;™| M) .
Definition 2. For all (M, T), all i € 7 and all ¢; € T;, the set of interim correlated
rationalizable messages at type t;, denoted by SZM’T (t;), is defined by

SMT (1) = {m; € s (t;) |[for some best-reply set X in U (M, T)}.

For all t € T, we write SM7 (t) for ez SM7 (t).

Alternatively, we can compure the set of interim correlated rationalizable strategies
interatively as follows. For all 7 and all ¢; € T;, let S? MT (t;) = M;, and for all integers
k> 1, let SEMT (1)) be defined by

There exists m; € At (@ x T_; x M_;)
Sf’MJ- (t,L) = m; € Sf_l’M’T (tz) such that ™€ ASE?LM’T (@ X T—i X M—z)
and that m; € BR; (marge, 5, mi|M)

(1)



Implementation

Let T be given. A (stochastic) social choice function (SCF, henceforth) is a function
f:T — A(A). Following |Oury and Tercieux (2012), we assume that the planner
cares about all profiles of types in T'. To avoid trivialities, throughout the paper, we

focus on minimally responsive SCFs.

Definition 3. Let 7 be any model. f: T — A (A) is minimally responsive on T if
for all i € Z, there exist t_; € T_; and t;,t; € T; such that f(¢;,t_;) # f (¢}, ;).

If £ is minimally responsive on T, f is a nonconstant SCF | Moreover, if f is not
a minimally responsive SCF on T and the planner’s objective is to implement f, he
can, equivalently, focus on the implementation of f’ : IL;cz\z+T; — A (A), where Z* is
the of players for whom f is not a minimally responsive SCF on 7', and ¢ is defined,

for all t € Ilien\z+T5, by @ (t) = f (,t') for all ¢’ € Hz‘ez*Tz‘H

Definition 4. A mechanism M implements f : T — A (A) in interim correlated
rationalizable strategies (ICR-implements, henceforth) on 7 if the following two con-

ditions are satisfied.

(i) Foralli e Z and all t; € T;, SM7 (t;) # 0.
(ii) Forallt € T, m e SMT (t) = g(m) = f(t).

If such a mechanism exists, f is interim correlated rationalizably (ICR, henceforth)

implementable, or simply, ICR-implementable on T .

A mechanism M implements f : T — A(A) on T in (pure strategy) Bayes-Nash
equilibria ift BNE (U (M, T)) # 0 and for all 0 € BNE (U (M,T)), goo = f.
Moreover, a mechanism M satisfies the Fquilibrium Best-Response Property (EBRP)

2f is constant if for all t,¢' € T, f (t) = f (¢').
3Formally, Z* can be defined as follows:

T ={i € Z|f (tiyt—;) = f(t;,t—;) for all t;,t; € T; and all t_; € T_;}



on T if there exists a pure strategy profile o such that for all t € T,
o (t) € SMT (1),
and for all « € Z and all t; € T},
BR; (m; (t;,0_;) |IM) # 0.

Any SCF that is ICR-implementable on 7 by a mechanism satisfying the EBRP is

also implementable on 7 in Bayes-Nash equilibria.

Lemma 1. Assume that M ICR-implements f on 7. M implements f on 7 in
Bayes-Nash equilibria if and only if M satisfies the EBRP.

Proof. Assume that M ICR-implements f on 7. Assume that M satisfies the EBRP
on 7. Let us show that M implements f on 7 in Bayes-Nash equilibria. To this end,
we need only to show that BNE (U (M, T)) # 0. Since M ICR-implements f and M
satisfies the EBRP, it follows that there exists a pure strategy profile o such that for
allt € T, o (t) € SMT (t), and for all i € Z and all t; € Ty, BR; (m; (t;, 0_;) |M) # 0.
Let us show that o € BNE (U (M, T)).

Foralli € Z and all t; € T}, since BR; (m; (t;,0_;) |M) # 0,1et 6; (t;) € BR; (m; (t;,0-;) |[M)
forall t; € T; and all © € Z. Fix any i € Z. By construction, we see that for all t € T,
(65 (i) ,0_; (t_;)) € SMT (t). Moreover, since M ICR-implements f on T, we also
have that for all t € T, f (t) = g (6:(t;),0-; (t—;)). Thus, we can replace 6; with o;
and see that o; (t;) € BR; (m; (t;,0-;) |[M) for all t; € T;. Since the choice of i was
arbitrary, we have that 0 € BNE (U (M, T)).

For the converse, assume that M implements f on 7 in Bayes-Nash equilibria.

This implies that BNE (U (M, T)) # 0. Thus, M satisfies the EBRP on T. O

III. INTERIM ITERATIVE MONOTONICITY

In the following section, we present our necessary condition. Let 7 be any model. For

every player i € Z, let us call any map ; : T; — 27\ {0} as player i’s deception. A
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special deception for player 7 is the truth-telling deception, /3!, defined by 8! (¢;) = {t;}
for all t; € T;. Another special deception for player i is denoted by ; and defined by
B; (t;) = T;. For any f3; and B, we write 3; C B if 3; (t;) C B (t;) for all t; € T;. Let
B; be the set of all player i’s deceptions containing the truth-telling deception; that
is,

Bi={Bi:T; — 2"\ {0}|B! C Bi}.

Let B = I;ez B!, with 8 = (5;),c7 as a typical deception profile of B.

For every i € Z, let Y;f be the set of mappings from 7" ; to A (A) satisfying the
following requirement. Whatever is player i’s actual type, he would never prefer the
outcome to be selected by a mapping Yif to the outcome he could obtain under f if

all his opponents were reporting truthfully. Formally,

For all t; € T},
VE= 1 v T = AA) | Sor_peonr, v (B) 00w (f (1) . 6) = 0 (2)
Z(B,t,i)e@XT,i K (El) [07 t*l] % (y (t,l) 79)

!
§

Note that Yif is a metrizable separable space We write Y/ for HiGIY;f . Foralli e Z,
let Y;J; be the set of all mappings in Y;f satisfying the inequality in strictly for all
t; € Ti Similarly, we write Y,/ for HZ-GIYJS.

For the sake of clarity, in what follows, for every ¢ € Z, we write T_; X T, for
T_; x T_;. In the context of a mechanism, our interpretation of (t,i, f,i) el ; x T,Z-
is that player ¢’s opponents are of types t_; but they are playing as if they were of
types f_i.

4To see it, observe that A (A) is a separable metric space under the Prohokorov metric given
that A is a separable metric space |[Aliprantis and Border| (2006); Theorem 14.15). Moreover, a
countable product of the space A (A) is separable metric space under the standard metric (see, e.g.,
Ok| (2011), p. 196). Thus, since Yif is a subset of a separable metric space, it follows that it is a
separable metric space.

5Formally, for all i € Z,

For all ¢; € T}, } )
Yifs =0 YT = A(A) | Yo yeoxr B (tj) 0, i) ui (f (fist-i),0) >
Z(@,t,i)e@XT,i K (tz) [97 t—l] Us (y (t—i) ) )



A deception profile § € B is acceptable on T for f if for all t,¢' € T, t' € (1) =
f(t) = f(t'). The following condition is due to Oury and Tercieux (2012]).

Definition 5. f: T — A(A) is interim (correlated) rationalizable monotonic (IRM,
henceforth) on 7 if for every unacceptable deception profile § € B on T for f, there
exists (i,t;,t)) € T x T; x B; (t;) such that for all ¥ (t;) € AF®) (@ x T_; X T,i> N
AP-i <@ X T_; X T,i>, there exists y* € Y,/ such that

Z(e,f,i)eexi:i (margmﬁiwi (t:) [
Z(e,f_i)eexf_i (margexiiwi () [

Remark 1. Observe that if f is IRM on 7, then it is strict IRM on 7. f is strict
IRM on T if y* € Y;f satisfying is such that it satisfies the inequality in |D

strictly for ¢/ = ¢;. However, it can be shown that the two conditions are equivalent

(see Supplementary Appendix).

A condition, which is equivalent to IRM, can be expressed in terms of the limit
point of an iterative sequence of deception profiles. To define the sequence, we need
additional notation. For alli € Z and all ¢; € T}, let A#(*) (@ X T ; X T,l) be defined
by

An(ti) (@ X T—i X T_z> = {Vi e A <C"‘) X T_l' X T_l> \margexTiiw =K (tz)} ,
and, moreover, for all 3 € B, let AP (@ X T_; X TA71> be defined by

Vi | Vs € A (@ X T,i X T72> and

AP-i (@ X T_; X T_i> = R R
v; [Q,t_i,t_i} >0 = t_; € ﬁ_i (t_i)

The iterative sequence defined on Y/, denoted by (ﬁk)k>0, is defined as follows.

The starting value is

/30:/67



and, for all k > 1 and all i € Z, 8F is defined, for all ¢; € T}, by

4 )

t; € B (t;) and there exists

v (t;) € AR (@ x T ; % T_l> such

that v; () € AP (@ x T_; X T,) and

S (07 )eont (8o vi (6) [0,0-]) i (f (Firi) ,0) >
S (0s yeeer, (Mo v (1) 0,01 ) s (i (1) .0)

for all y; € Y.

~
S

(4)
Observe that t; € 8F(t;) for all i € Z, all t; € T; and all k¥ > 0. If the limit point
of the sequence (ﬁk) 150
is denoted by 5*. A gequence (ﬁk)
k> 0.

exists, the sequence is called convergent and its limit point

4o 18 monotonic decreasing if g C g* for all

Lemma 2. Let 7 be any model. (ﬁ"“)k>0 is a monotonic decreasing sequence con-

verging in B.

Proof. Let T be any model. Let (8%) _. be given. By definition (5*),_, it holds
that 8¢ C B* for all K > 0. Thus, B* € 23 for all £ > 0. Therefore, to shc:w that the
limit point of (5k)k>0 exists, it suffices to show that 81 C ¥ for all kK > 0. To this
end, let us proceed 7by induction. Let k = 0. By (4)), we see that 8! C 3°. Suppose
that ¥ C B* for some k£ > 0. Let us show that g2 C ¥, Fix any i € Z and
any t; € T;. Fix any t; € 5f+2 (t;). implies that t; € Bf“ (t;) and that there exists
v € AR(t) (@ X T; X T,) N AT (@ T T,) such that the inequality in u
is satisfied for all y; € Y.

Since v; € AR (@ x T ; X T_Z), it follows that for all (6’, t_;, f_i) eOxT_; XT_Z-,
i [G,t_i,f_i} >0 = t; € 55“1 (t_;). By the inductive hypothesis, it holds that
(G,t,i,f,i) €cOxT,x T,i, v, [H,t,i,f,i} >0 = {t_; € % (t_;). Moreover,
since £; € BFT (t;), the inductive hypothesis implies that #; € ¥ (¢;). Thus, we have
established that ¢; € ﬁf“ (t;) and that there exists v; € A*) (@ x T_; % T_Z> N
APE (@ x T ; X T_Z> such that the inequality in 1) is satisfied for all y; € Yif . This
implies that ¢; € ﬁf“ (t;). Since the above arguments hold for all i € Z and all
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t; € T;, we have that 8**2 C g**!. The principle of mathematical induction implies

that gk C % for all k > 0. O
Our condition can be stated as follows.

Definition 6. f : T — A (A) satisfies Interim Iterative Monotonicity (IIM, hence-
forth) on 7 if 5* is an acceptable deception on T for f.

Theorem 1. If f : T'— A (A) is ICR-implementable on 7 by a mechanism satisfying
the EBRP, then it satisfies IIM on 7.

Proof. Let T be any model. Let f : T — A(A) be any SCF. Assume that M
satisfies the EBRP and it ICR-implements f. Lemma [l| implies that there exists a
pure strategy 0 € BNE (U (M, T)). This implies that for all : € Z and all t; € T},

(0,t—i)eOXT_; K (tl) [07 t*i] Ui (g (U (t)) ) 0) 2
Ot_neoxT_k (L) [0, 1] w; (g (M4, 0_; (t=3))), 0)

for all m; € M;. Since M ICR-implements f, it follows that for all i € Z and all
t; € 1;,
Ot_yeoxt_; K (ti) [0, t ] u; (f (t),0) > (5)
.t_neoxt_ik (ti) [0, t-]ui (g ((ms, 0-i (t-))) . 0)
for all m; € M;.

Lemma [2[implies that the sequence (ﬁk) k>0
Assume that ¢ € 5* (t). Assume, to the contrary, that f (t) # f (¢'). For alli € Z and
allt; € T;, 3 (t;) = {o; (t)) € M;|t; € 57 (t;)}. Then, 3; is a correspondence from 7T; to
oM\ {9}, and so 2; € &7 Since M ICR-implements f, it follows that & € &M
cannot be a best-reply set in U (M, T). Then, for some (i, ti,o (fz)) €I XT; x%;(t;)
and all m; (t;) € A (@ x Ty x M_;) N A¥=i (0 x T_; x M_;), it holds that

converges to f* € B. Fix any t,t' € T.

0; (t;) ¢ BR; (margg,,, ,m; (t:) M),

10



and so

Z(G,m_i)e@XM_i (marg(%xM,iﬂ-i (tz) [‘97 m—l]) [uz (g (mi7 m—i) 79)] >
Z(e,m,i)eexM,i (margexM,ﬂi (i) [0, m—i]) [Uz (9 (Ui (tz) ,m—i) ,9)}

(6)

for some m; € M;.

Foralli € Zand allt; € T}, let v; (t;) € Ar®) (@ X T i % T_> NAP: (@ X T i % T_)
be any distribution. For all i € Z, all t; € T;, let 7; (t;) € A(© x T_; x M_;) be de-
fined, for all (6,t_;,m_;) € © x T_; x M_;, by

Tt [0t ma] = > wi(t) [0t ],

fﬂ'EU:il (m—s)

where 0=} (m_;) = jengyyo; ' (my) and o; ' (m;) = {t; € Tjlm; = 0; (t;)}. Since

v (t;) € AR (@ x T ; % T_z), we have that margexr ,v; (t;) = k (¢;). Moreover, by
construction, margexr_,v; (t;) =margexr_,T; (tl)ﬁ Moreover, since v; (t;) € AP~ (@ x T ; % T,i),
it also follows that for all (0,t_;,m_;) € © x T_; x M_;, 7; (t;) [0,t_;,m_;] >0 —

m_; € ¥_; (t_;). Thus, we have that 7; (¢;) € A (© x T_; x M_;))NA¥= (0 x T_; x M_;)

for all i € 7 and all t; € T;. Moreover, by construction, we also have that for all i € 7

6Observe that for all (0,t_;) € © x T,

margg, i () [0,t-] = D w(t)[0,t—sm_i]
m_;eM_;
= Z Z vi () [a’t—z‘,f—i]
m—_i€M—; \i_;co”}(m_;)
= Z v () [eat—i,f—i}
£_1€T_i

= marge,q Vi (t:)[0,t-i].
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and all m; € MZE

Z(e,m,i)eexM,i (margexM_ﬁi () 10, m,i]) u; (g (mi, m—;),0) =

t
. . (7)
S0 e, (marg g i () [0,8-] ) wi (g (mi, i (i), 6).

Since 7; (t;) € A8 (O x T_; x M_;) N A¥= (O x T_; x M_;) for all i € T and all
t; € T;, from @ and @), we have that for some (z’,ti,a (fz)) €T XT; x X (t;),

Since M ICR-implements f, it also follows that g (ai (fz) ,O_; (f_z-)) = f (Ai,f_i).
Since margg, 4 Vi (t:) [0,£_;] = K (t;), we have that is equivalent to

which contradicts ([5)). Thus, f satisfies IIM. n
Theorem 2. f: T — A (A) satisfies IIM on 7T if and only if f is IRM on 7.

Proof. Assume that f : T — A(A) satisfies IIM on 7. Take any unacceptable

"To see it, observe that

Z (marg@xM_ﬁi (ti) [eam—i]> ui (g (mi,m—;),0)
(0,m_;)EOXM_;

= Z T (tz) [9, t_i, m,i] U; (g (mi, m,i) ,9)

(a,t_i,m_i)e@XT_iXM_i

— Z ( Z vi (t) [0, t—i, t—i] wi (9 (mi, 0 (£25)) ,9))

(05t —iym—i)€EOXT i XxM_; \i_;€0”}(m_;)

_ 3 ( > (marge, v (k) [G,fl])ul(g(ml,o1(51)),9))

(0.m_)€OXM s \i_ico=}(m_;)

- Z (marggxf_qyyi (t;) [975—1']) u; (g (mi,o—; (25)),9).

(9,£7i)€@><j171
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deception profile § € B on T for f. Assume, to the contrary, that for all (i,t;,t}) €
T x T; x B (;), there exists v; (t;) € Art) <@ x T ; X T_i) N AP~ (6 x T ; % T_i>
such that for all y € Y;f , is Violated. To derive a contradiction, let us first show
that 8 C B* for all K > 0. Let us proceed by induction.

Since 8 C 3 = (%, by definition, let us suppose that for some k > 0, it holds that
it follows that 5 C *. Let us show that 8 C g**'. By the inductive hypothesis, it
holds that 1; (t;) € AF®) (@ x T_i % T,) N AP (@ x T_i % T,) for all i € 7 and
all t; € T;. Fix any ¢ € Z and any t; € T;. Take any #; € 53; (t;). It follows from the
inductive hypothesis that #; € B (t;). Since 1' is violated for y; € Y;f , implies
that #; € S (¢;). Since the triplet (i, ti, fl-) € I x T; x B; (t;) was chosen arbitrarily,
we conclude that 3 C B¥*!. By the principle of mathematical induction, it holds
that 8 C % for all k > 0. Since (Bk)k:zo
of Lemma [2| we know that g**! C B* for all k > 0, we have that 3 C 3*. Since f

converges to 5* € B, and from the proof

satisfies IIM on T, it follows that §* is an acceptable deception profile on T for f,
and so (8 is also an acceptable deception profile on T for f, which is a contradiction.

Assume f is IRM on 7. Assume, to the contrary, that g* € B is not acceptable on
T for f. Since f is IRM, it follows that there exists (i,t;,t;) € ZxT; x 3 (t;) such that
for all v; (t;) € AFt) (@ x T_; X T,i) N AP~ <® x T_; % T,i), there exists y* € Y/
such that is satisfied. Recall that in the proof of Lemma [2| we have shown that
B+ C pF for all k£ > 0 and that 8* is the limit point of (Bk)k>0. Since t, € BF (t;),
implies that there exists v; (¢;) € A*) (@ x T ; X T_z> N A_ﬁii (@ x T ; X T_l>
such that

Z(Q,i_i)ee)xf_i (margmiﬂi (t:) [
Z(@,E_i)GGXT_i <marg®xf_iyi (t%> [

> D
‘Q‘M

fad
N———

>
—
—~

SH

>

l

N—

>

N—

Y,

for all yf € Y;f , yielding a contradiction. O]

Any SCF satisfying our condition on T is incentive compatible on T. The condition

can be stated as follows.

8Recall that Y/ is a nonempty metrizable subspace.
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Definition 7. f : T — A (A) incentive compatible on T if for all i € Z and all ¢; € T},

S k) Ot (f (b te) . 0) = > k() 0.t (f (8, t-:),0)

(6,t—;)eOXT_; (0,t—;)eOXT_;
for all t; € T;.

Theorem 3. f: T — A (A) satisfies IIM on T implies that f is incentive compatible
on 7.

Proof. Tt follows from Theorem [2| and Lemma 3 of |Oury and Tercieux (2012). O

IV. A FULL CHARACTERIZATION

Before stating and proving our characterization result, let us briefly discuss why our
condition is sufficient for f to be ICR-implementable on 7. To this end, we need
additional notation. Let 7 be any model. Fix any § € B, and any ¢ € Z. Let
AP-i <@ X T,i) be defined by

. ¥; | There exists v; (t;) € AP~ (@ x T_; X T_l>
Aﬁ_i (9 X T—z) =
such that margg, 7 v; (t;) = .

Since for all t_; € T, By (t_;) = T, it follows that AP (@ X T,) —A (@ X T,)
The following definition is critical in the construction of our implementing mecha-

nism.

Definition 8. Let 7 be any model. For all § € Band alli € Z, i € Z (5) if and only
if for all ¥; € AP~ (6 X T_i>, there exist y;, y; € Y;f such that

Z (0 [Q,f—z‘] Uy (yz (f—i) ,9) > Z (0 [975—1‘] U (?Jz‘ (f—i) ,9) . (10)
(0.f-i)eOXT; (0.4-i)eOxT,

The above definition says that ¢ € Z () provided that for every belief v; of player
i over © x T_;, there are mappings v;, ¥; € Y;f that may depend on his belief v;
such that y; is strictly preferred to ¥;, given his belief ¢);. A stronger, though more
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desirable, definition would be to require that the mapping y; does not depend on

player ¢’s belief. The definition can be stated as follows.

Definition 9. Let 7 be any model. For all 5 € Band alli € Z,i € Z* (f) if and only
if there exists y; € Yif such that for all ¢; € AP (@ x T _i>, there exists y; € Yif
such that

Z (o5 [9,1?4] U (yz (tli) ,9) > Z Vi [971?4] U (Z?z’ (tli) ,9) . (11)
(04-i)eoxT; (0.4-s)eOxT,

Observe that Definition [9] is equivalent to Assumption 1 of [Oury and Tercieux

(2012) when 3 = 3. We show below that Definition [8| and Definition |§| are equivalent.
Lemma 3. Let 7 be any model. For all 5 € B, Z* () = Z (/).

Proof. Let T be any model. Fix any § € B. Since it is clear that Z* (8) C Z(f),

let us show that Z (5) C Z* (). Assume that ¢ € Z (). Definition [§ implies that

for all ¢; € AP-i (@ X TA,Z->, there exist y/*, 7" € Y/ such that is satisfied.

Since AP~ (@ X T,l> is a separable metric space, let A (@ X T,l> = Uken {¢ir} be

a countable, dense subset of AP-i <@ x T _i>. Let y; € Y;f be a mapping defined by
Yi = Z Q%yf’ o

k=1

For all k € N, let yzp “* € Y/ be a mapping defined by

P Iy, I w;
k _ 7wz,k wz,k
Yi = E ok Yi ﬁyi :

Thus, for all £ € N, we have that

Z (e [975—7;] U; (y@k (f—z‘) ,9) > Z (0 [e,f—i] U; (ﬂz (f—i) ,9) )

(0.4 )eOxT, (04— )eoxT,;
where the strict inequality is guaranteed by . Since player i’s preference over
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lotteries are continuous and since, moreover, A (@ X T,i) is a countable, dense subset

of AP-i <@ X T_Z-), it follows that ¢ € Z*(f). Since the choice of i € Z () was
arbitrary, it follows that Z (8) C Z* (B). O

In what follows, to avoid trivialities, we assume that 7 (5) # (). Moreover, we will
also assume that Z (*) = Z. The reason is that if Z (5*) # Z, part (ii) of the above
lemma implies that the planner’s objective is constant on Iljcze(g«)T; = T7e(g+), where
Z¢(B*) is the complement of Z¢ (5*). Therefore, the planner can, equivalently, focus
on the implementation of an SCF f : iezpoTi — A (A) defined, for all ¢t € TLicz(s) 15,
by f(t) = f(t,t') for all ¢’ € T’ze(g+y. This is justified by the following lemmata.

Lemma 4. Assume that f : T — A (A) satisfies [IM on 7. For all £ > 0 and all
i€ ieI(pf) = Bt =pF=5.

Proof. Assume that f : T — A (A) satisfies IIM on 7. Fix any & > 0. Assume
that ¢« € Z¢ (6’“) Assume, to the contrary, Bf“ # (¥, Since Lemma [2 implies
that (Bk)k>0 is a monotonic decreasing sequence, it follows that there exists (ti, fz)
such that &; € B (t;) and & ¢ 8" (t,). It follows from (d) that for all ; (#;) €
ARt (@ x T_; x T,i> N AP (@ x T_; x T,i),

Z(G,Li)eexT,i (marg@leiyi (t:) [ 7£—i}) U; (f( it
Z(@,f_i)e(%xf“_i < ' )

for some y; € Y;f . Therefore, for all ¢; € AP (@ X T_i>,

Z Vi [0, 0] ui (f (B,1) ,0) < Z Vi [0, -] ui (7 (1) ,0)

(04-i)eoxT; (0.4-i)eoxT;

for some 3; € Yif. Let y; (fz-, ) =f (fz», ) Since f satisfies IIM on T, Theorem [2| and
Theoremimply that f is incentive compatible on 7. This implies that y; (fl, ) € Y;f .
Definition |8 implies that ¢ € Z (8"), yielding a contradiction.

Finally, let us show that /™ = 8% = ;. Assume, to the contrary, that gFt! =

¥ = B;. Since Lemma 2| implies that (3%

p ) >0 is a decreasing monotonic sequence, it

16



follows that there exists k such that 0 < k < k such that ﬁf C ﬁf’l and ﬁf #* ﬁf’l.
It follows that 8F (t;) C /Bf_l (t;) and BF(t;) # Bf_l (t;) for some t; € T;, and so
t; € Bf_l (t;) and t; ¢ ﬁf (t;) for some t;,t; € Tj. implies that there exists g; € Y,/
such that

Z(@,f_i)eexf_i (margGXT,iVi (tl) [0, f—l}) Ui (f (Aia tA—z) 0) <
0

for all v; (t;) € ArF®) (@ x T_; X T_z) N A'BE;I (@ x T_; X T_,> By definition of
AL (@ X T_Z> in @, it follows that there exists §; € Y,/ such that

Z ei [0, 0] ui (f (Bi,1),0) < Z e [0, 1-3] ui (7 (1) ,0)

(04-:)eoxT; (0.4-i)eoxT;

for all ¢; € A'BEI (@ X T_Z> Let y; (fi, ) =f (fz-, ) Since f satisfies IIM on T,
Theorem [2| and Theorem [3] imply that f is incentive compatible on 7. This implies
that y; (fi, ) € Yif. Definition |8 implies that i € Z <B’;_1>. Since Lemma [2[ implies
that (ﬁf)k>0 is a decreasing monotonic sequence and since, moreover, k is such that

0<k< k, it follows that there exist ¥;, y; (fi, ) € Yif such that

Z v; [0, f—z‘] u; (f (fi,f—i) ,0) < Z U [0, f—z’] u; (i (f—i) ,0)

(0f-i)eOXT; (0.f-i)eOXT;
for all ; € AP (@ X T_z> C Aﬁﬁ'l (@ X T_Z> Defintion |8 implies that ¢ € Z (,Bk),
which is a contradiction. Thus, gF*! = gF = 3. O
Lemma 5. Assume that f: T — A (A) satisfies [IM on 7.
(¢) IfZ (B) =0, then f is constantﬂ

(#3) IfZ(B*) #Z, then for all i € Z¢(8*), all t_; € T_; and all ¢;,t; € T;, f (t;,t—;) =

9f is constant if for all t,¢' € T, f (t) = f (t).
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Proof. Assume that f : T — A(A) satisfies IIM on 7. To show part (i), assume
that Z (5) = (. If B* = B, then /3 is an acceptable deception profile on 7 for f.
This implies that f is constant. Thus, the complete the proof, let us show that
p* = (. Assume, to the contrary, that 8* # 3. Then, there exists (i,t;) € T x T;
such that 37 (t;) # T; = B; (t;). Since B (t;) C B (t;) = T, it follows that there
exists t; € f3; (t;) = T such that t; ¢ 3¢ (¢;). Since £* is the limit point of (5k)k>0
and since, by Lemma , B* C ¥ for all k > 0, it follows from and the fact thz;t
BY (t;) = Bi (t;) that there exists k + 1 such that #; & BF™ (¢;), {; € BF (t;) and for all
v (t;) € AR (@ x T_; X T_i> N AP (@ x T_; x T_i>,

N
m
O]
X
=
=
o
=
o
O]
X
;ﬂ>
=
—~
S
—
“|H~>
&
—~
<
—
|H->
N
S
N~— ~

2(9,5,.

for some y; € Yif. Since AP (@ x T ; % T_i> C AB-i (@ x T ; % T_i> =A (@ x T ; % T_i>,
we can write that for all ¢; € A (@ X TA,Z-),

Z (0 [9, f—i] U; (f (fmf—i) ,9) < Z (% [9, f—z] U; (?i (f—z) ,9)

(e,f_i)GGXT_i (9,£_¢>€®><T_i

for some 7; € Yl-f . Let y; (t}, ) =f (fl-, ) Since f satisfies IIM on 7, Theorem 2| and
Theoremimply that f is incentive compatible on 7. This implies that y; (t}, ) € Y;f .
Definition |8/ implies that i € 7 (B), yielding a contradiction. This completes the proof
of part (i).

Let us show part (ii). Assume that Z (5*) # Z. Suppose that 8 = j; for all
i € Z¢(B*). Since f satisfies IIM on T, it follows that 5* is an acceptable deception
profile on 7 for f. Fix any i € Z¢(/3*) and any ¢; € T;. Since 5; = j3;, we have that
B¢ (t:) = Bi (t;) = T;. Since f satisfies IIM on 7, we have that for all t_; € T,
ft,ts) = f(t!,t) for all £t/ € B (t;) = Bi (t;) = T;. Since the choice of i €
7¢(3*) was arbitrary, the statement of part (i) follows if we show that 8; = 3; for
all i € Z°(B*). To this end, fix any i € Z°(B8*). Assume that 3 # 3;. Then, there

exists t; € T; such that 37 (t;) # T; = 3; (t;). A contradiction can be derived by using
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the same reasoning used in part (i). This completes the proof of part (ii). ]
The following result is useful in defining Rule & of the mechanism.

Lemma 6. Let 7 be any model. For all i € Z (%), there exists ¢; € A (A) such that
for all ¢; € A(©), there exists y; € A (A) such that

D i (O ui (i) > > 6i (0)wi (§:,6) - (12)

60 €0
Proof. Fix any i € Z(8*). Lemma [3| implies that ¢ € Z* (8*). Definition [J] implies
that there exists y; € Yif such that for all ¢; € AP~ (@ X T_i>, there exists y; € Yif
such that 1) holds. Since 3t C 3*, it follows that there exists ¥; € Yif such that for
all y; € AP <@ X T,i), there exists y; € Yif such that holds. Fix any t; € T;.
Observe that ¢; o (marngi/@ (tl)) e APLi (@ X TA71> for all ¢; € A (©). Therefore, it
holds that

and

Ui = Z (margT_i’f (tz) [5—2]) Yi (f—l) )

f,iGTfi
and by noting that y;, J; € A (A), the inequality in follows for i. Since the choice
of i € Z (*) was arbitrary, the statement follows. O

Let 7 be any model. Since Z (8*) = Z and since Lemmal6] guarantees the existence

of the lottery g; € A (A) for all i € Z, let us define the lottery ¢ by

=730
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Given the sequence (Bk) o0 for every @ € I, let k(1) be the lowest integer such

that ¢ € Z* (ﬁk(i)) \Z* (Bk(i)_l). For player i € Z* (ﬁk(i)) \Z* (,Bk(i)_l), Definition
implies that there exists ; € v/ satisfying . Let us denote y; by gjiﬁ 0

3
0]
Since g € Y/

1,57

t)-ﬂk(i) : T_; — A (A) defined by

()

we can choose an € > 0 sufficiently small such that the mapping

0ty = (=) g (1) +ep (13)

is such that t)iﬁk(i) € YZJ;
Let us now define the mechanism M. For all i € Z, let

M; = M} x M? x M} x M},

where
M} =Ty, M? =N, M} = Y and M/ = A" (4),

where N is the set of natural numbers, Y;* is a countable, dense subset of Y;f , and

A* (A) is a countable, dense subset of A (A). For allm € M, let g: M — A(A) be

defined as follows.
Rule 1: It m? =1 for all i € Z, then g (m) = f (m').

Rule 2: For all i € T, if m5 =1 for all j € Z\ {i} and m; > 1, then

gm) =t () (1= =)ol ) (). (o

where t)f e YZJ; is defined in 1)

Rule 3: Otherwise, for each i € Z, m{ is picked with probability % (1 — H#) and ¥;
is picked with probability % <ﬁ>, that is,

e ()
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where §; is specified by Lemma [6]

Suppose that f satisfies IIM on 7. In what follows, we prove that M ICR-
implements f on 7 and that M satisfies the EBRP. The following lemmata will
help us to complete the proof.

Lemma 7. BNE (U (M, T)) # 0.

Proof. For all i € Z, let o; : T; — M; be defined by o (t;) = (¢;,1,+,+). Foralli € T
and all ¢t; € T;, let m; (t;) € A (O x T; x M_;) be defined by

T (tl) [97 liy m—i] =K (tl) [97 t—i] 50%@%) [m_,] )

where 6, ,_,) is the dirac measure on {o_; (t_;)}. By construction, for all ¢; € T;
and all (G,t,i,m,i) € 0 x T, X M,i, T (tl) [Q,ti,m,i] >0 = m_;, = o0_; (t,l)
Moreover, by construction and Rule I, for all i € Z and all t; € T;,

> margg,y () [6,moi]ui (g (0 (t:) ,m-s) ,6)
(Q,m_i)GGXM_i

- S k() [0t (f (i), 0).

(e,t_i)EGXT_i

Finally, by definition of g and the fact that f is incentive compatible on 7 (Theorem
, it follows that for all i € Z and all t; € T}, Supp(o; (t;)) € BR; (marg@XMfim]M),
and so 0 € BNE (U (M, T)).

Before proving the following lemma, let us introduce the following definitions. For

all € Bandall i € Z, define X7 : T, — 2Mi\ {(} by

SP () = {ms € Mylm} € B; ()}, (16)
and define 7 : T, — 2M:\ {)} by

P (k) = {mi € B0 () Im2 =1} (17)

It can be checked that X8, %F € GMT, O
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Lemma 8. Forall k> 0,alli €T (6’“) and all m; € A (© x T_; x M_;), if
m; € BR; (margg,,; mi|M) (18)

and

m; € Azﬂ (O xT_; x M_;),

then m? =1 and

i € Ai[fi (O XxT ;xMy).

Proof. Fix any £k > 0 and any i € Z (Bk) Suppose that m; € AZ—Z (O xT_; x M)
and that m; € BR; (margg,, ,m;|M). Let us first show that m? = 0. Assume, to
the contrary, that m? > 0. Let us proceed according to whether Rule 2 applies or

Rule 3 applies. Before we begin the proof we argue that m; € Azﬂ (O XT_; x M)
implies that

.2 Z ()0 3 S Z )0, t s m ] = 1

0cOt_;eT_; 0cOt_;eT_; e
162 ( 1) zez ;l (tfi)

Prob[RuleQ] Prob?}gule?;]

(19)
For every i, t;, define v;(t;) € A(© x T_; x M*,) as follows:
Z ﬂ—l(t’l) [0, t—ia m—i]
L
m_;€X_ " (t—;)[ml ]

[ tl eyt—iy 1‘ = - - 20
vilts)l m_i Prob|Rule2] (20)

Notice that since m; € AZ—Z (© x T_; x M_;) implies that v;(t;) € AP*(© x T x
M!,). Let ¢; = marge.n vi(ti). Since v;(t;) € AP5(O x T, x M), it holds that

v € AP O x ML) (21)

Define ¢;(0) € A(O) as follows:
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> > mi(ti)[0, 15, m ]
t_,eT_; ~,6k e
m_;EY ;Z (t—=4)

al0) = .;jrob[RuleS] (22)

The utility of m; under the beliefs margexa_,m; denoted by U;(m;, ;) is given by

1 5 1
3t )P ———
)@ g

Ui(m;, m;) = @Z%(@,t—i)ui [(1 T2

0,t_;

L
(1= a)} 6O, (O rrml @ i) 4]

" (1)) 6]
(23)

where o = Prob[Rule2]. Since 1; € APi(© x T_;). By Definition there exists
y(+) € Y; such that

> 0, )iy (i-),0) > > (B, E_i)ui (v} (i), 6). (24)

0,t_; 0,f_;

Lemma [f] implies that there exists y; € A(A) such that

> i)y, 0) > Y ¢i(0)ui(ii, 0) (25)

0cO 0cO

Since m; € BR;(margexn_,m;), we can conclude that

> Wi, tJui(mi(E-:),0) > Y (0, ui(y(t > (0, L )ua(n] (F-), 0).
d_g 0,t_; 0,t_;
9 (26)

> 0 O)ui(mi 0) =Y di(O)ui(yi, 0) > > di(0)ui(ii, 0). (27)

9co e) 0cO
m 26| and [26] w implies that U;(m;, 7;) is strictly increasing in m?, which is a contradic-
tion. Thus, we have that m? = 1

Now we show that m; € Azﬂ (© xT_; x M_;). Suppose not then either Rule 2
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applies with some other agent j # i or Rule 3 applies. We focus on the case when

only Rule 2 applies. By the definition of g, for every (6,m_;) € supp(margm;), it

OxM_;
holds that
]' 3 1 1 /8]' 1 28
g(-,m_;) = (1 - mjg n 1)mj<m—j) + m? i 1‘)j (m—j) (28)
for some j # i, where
i) _gk@) .
0, (o) =1 =) g (t) +e) (29)
Define g as
~ —(1 1 3,1 1 =B, 1 30
g(-,m_;) = (1 - mjg n 1)mj<m—j) + m? I 1‘)j (m—j) (30)
i) _3kG) 4
where 0" (t_;) = (1 —¢€)y; ~ (t_;) + cyi. Define m; as follows
) = Zmargefoim(H, m—;)g(-,m_;). (31)

Since the agent obtains strictly higher utility under g(-,m_;) than g(-,m_;) for

every (0,m_;) € supp(margm;), agent ¢ can announce a message 1m; with m; as
@XM,Z‘

2 > 1. In this case Rule 3 is triggered and the agent obtains

i

defined above and m
strictly higher utility. Since the gain is obtained point wise in the supp(margm;), we

OxM_;
arrive at a contradiction.

O

Lemma 9. For all k > 0, all i € I(ﬁ’“) and all ¢; € T;, if m; € SfH’M’T (t;), then

m? =1 and m} € I ().

Proof. Let us proceed by induction over k. Let &k = 0. Assume that i € Z(8°%)
and fix any t; € T;. Assume that m; € S}’M’T (t;). We show that m? = 1 and
ml e B (t;). Since m; € ST (t;), it follows from (1)) that there exists m; €
AR (@ x Ty x M_;) N Azlj%i (O x T_; x M_;), where Zé% = SE’ZM’T = M_;, such

that m; € BR; (marggfoiﬂﬂM). Since m; € BR; (marg@XMfimM/l) and m; €
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0

B_;
A¥ =i (O xT_; x M_;), Lemmaimplies that m? = 1 and

0
2

Sychd
€ AE*Z‘ (@ X T,i X M,l) .

Thus, we have that

Z Z 5 [H,t,i,m,i] =1.

t_,€T_; -BY .
m_iEZ_i ! (t—i)

Let us define v; (t;) € A (@ x T_; X T_l> be defined by

v (t;) [0,t_,m!,] = > mlo it mo]. (32)

m,ieié%i (mil)

By definition, we can see that v; (t;) € A" (© x T_; x MY,)NA™ (6 x T_; x ML,).
Since m? = 1, then Rule 1 applies with probability 1, and so

Z(e,m,i)eexM,i (marg@xM,ﬁi [0, m_,]) u; (g (mi,m—;),0) =

(33)
Z(e,m,i)e@xM,i (marg@xM,ﬂi [9,m—i]) Uj (f (mzl7ml—i) 79)7
and so, by ,
Z(@,mﬂ')e@xMﬂ' (marg@XM—iﬂ-i [0’ m_l]) Ui (-f <m117 ml—Z) 70) = (34)

Z(@,ml_i)eexMii <marg@xMii’/i (t:) [e’ml—iD wi (f (mi,mL;),0).

Moreover, since m; € BR; (marg@X Mﬂ,m|./\/l) and since, moreover, player ¢ can never

induce Rule 3, it follows from the definition of g that

Z(O,ml_i)EGXMii (marg@xMiiVi (t:) [Q,ml_i]> ui (f (m},ml;),0) >
3

’ (35)
Z(G,mli)e(%lei (margexMiiVi (t:) [Q,mliD u; (mi (m1;) ,9),

for all m} € Y;*. Since Y;* is a countable, dense subset of Yif and since u; is contin-
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uous, we have that the inequality in holds for all m? € Y;-f . Since v; (t;) €
AR (@ x Ty x ML) N AP (@ x Ty x ML,) and since, moreover, the inequal-
ity in holds for all m? € Y/ and m! € 8°(t;) = T;, it follows from (4) that
m; € ! (t;). Since the choice of (i,t;) was arbitrary, we have that the stament holds
foralls e Z (Bk) and all t; € T; when k = 0.

Suppose that for some £ > 0, and for all ¢ € I(Bk) and all t; € T;, if m; €
SEFEMT (1), then m? = 1 and m} € 85! (t;). Fix any i € Z (65') and any t; € T;.
Suppose that m; € SFTMT (1)), We show that m2 = 1 and m} € 5542 (t,).

7

Since m; € SFT*MT (1), it follows from (1)) that there exists m; € ARt (@ x T_; x M_;)N

k+1, M, T

A (© x T_; x M_;) such that m; € BR; (marg@XM_im-]M). To apply Lemma

, we need to show that m; € Aik%l (© xT_; x M_;). This can be done by showing
that
SEAMT ¢ P (36)
Fix any j € T\ {i}. We proceed according to whether j € Z (5*) or not.
Suppose that j € I(Bk). Fix any ¢t; € T; and any m; € SJI»“H’M’T (t;). The
inductive hypothesis implies that m? = 1 and m} € ™" (t;). It follows from (|L6)

k+1

that m; € ij (t;). Since the choice of (j,¢;) € T (8*) x T; was arbitrary, it follows
that S{HM7T C szﬂ for all j € (ZNZT(B*))\ {i}.

Suppose that j € Z¢ (Bk) Since f satisfies IIM on 7, Lemma || implies that
ﬁ;ﬁrl = pF = B;. Then, it follows from that m; € Zfiﬁl (t;). Again, since the
chocie of j € Z¢ (Bk) was arbitrary, we conclude that 1holds.

Since m; € BR; (margg, ;7| M) and since m; € A" (O x T_; x M_;), Lemma
implies that m? = 1 and

ght1

™ € Aif?z (@ X T—i X M_Z) .

Thus, we have that

Z Z 5 [Q,t_,-,m_i] =1.

t_;€T_; _pktl
m77;62722 (t—s)
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Let us define v; (t;) € A (@ x T ; X T,l> be defined by

v; (t;) [9, t s, ml_z] = Z i 0, t_;,m_]. (37)

k41
m,ieig" (ml )

—1

k+1

By definition, we can see that v; (t;) € A®) (@ x T_; X M}i)ﬂAﬂ—i (G) x T_; X Mli).
Since m? = 1, then Rule I applies with probability 1, and so the equality in holds,
and so, by ,

Z(am,i)eexM,i (marg@xM%ﬂi 2 m—i]) Ui (f (m}, ml—i) v‘9> =

Z(G,ml_i)GG)XMli (margeleiVi (t:) [e,ml_iD ui (f (mi, mL;) .0).

Moreover, since m; € BR; (marg@X Mﬂ,m|./\/l) and since, moreover, player ¢ can never

induce Rule 3, it follows from the definition of g that

S (omnt yeosn, (margoa,vi (6) [0.mL] )i (F (md,mb) ,0) >
3

| (38)
Z(e,mai)e@xmi (margexMiiVi (t:) [Q,miiD u; (mi (m1;) ,9),

for all m} € Y;*. Since Y;* is a countable, dense subset of Yif and since u; is con-

tinuous, we have that the inequality in holds for all m? € Y;f . Since y; (t;) €
AR (O x T_; x M) N AP (© x T_; x M) and since, moreover, the inequal-
ity in holds for all m? € Y/, and m! e B! (¢,), it follows from that
m} € BF(t;), as we sought. Since the choice of (i,t;) was arbitrary, we have that
the stament holds for all i € Z (8*™) and all ¢; € T;.

By the principle of mathematical induction, we conclude that the statement holds

for all £ > 0. ]

Let us show that M ICR-implements f on 7. Lemma [7| implies that for all : € 7
and t; € T;, SM7 (t;) # 0. Thus, part (i) of Definition [ is satisfied. Moreover,
Lemma [7] also implies that M satisfies the EBRP. Recall that by Lemma [5] we are
under the assumption that Z (8*) = Z. Moreover, recall that Lemma [2 implies that

(ﬁk) 4>0 18 a monotonic decreasing sequence converging to §* € B. Fix any ¢ € T" and
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any m € SM7 (). Lemma [9] implies that m? = 1 and m} € 8} (t;) for all i € Z (*).
Rule 1 implies that g (m) = f (m?). Since f satisfies IIM on T, it follows that 3* is an
acceptable deception on T for f. This implies that f (m') = f (). Since the choice
of (t,m) € T x SMT (t) was arbitrary, we conclude that part (ii) of 4| is satisfied.
Thus, f is ICR-implementable on 7.
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