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Abstract

This paper addresses two central questions in markets with adverse selection: How does
information impact the welfare of market participants (sellers and buyers)? Also, relatedly,
what is the optimal rating policy and how is it affected by the objective function of the planner?
In addition, we study the optimal design and performance of simple mechanisms that consist
of a small number of ratings. Particularly, we compare the revenue generated in the market
under these two schemes and find that the value loss due to using simple ratings is small and
drops sharply as the number of signals grows.
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1 Introduction

Reputation mechanisms and ratings are widely used in markets with adverse selection. While rele-
vant for any market with asymmetric information (e.g., hygiene ratings for restaurants or doctors’
performance ratings), information design is a key consideration for the overall performance of the
ever more popular online trading platforms, where transactions are decentralized and rarely re-
peated. Despite the importance of these mechanisms, little is known about their optimal design
and how it might depend on the characteristics of the market, such as supply, demand, and the
distribution of sellers’” quality. This paper sheds light on this question by considering the design of
an optimal information disclosure mechanism and how it relates to market characteristics.

In particular, the paper addresses two central questions. First, how does information impact the
welfare of market participants (i.e., sellers and buyers)? Also, relatedly, what is the optimal rating
policy and how is it affected by the objective function of the planner? Secondly, and motivated
by fact that rating systems tend to be very simple in practice, we consider the question of optimal
design and performance of rating systems when limited to a small number of ratings.

Our baseline model considers a competitive market with a large set of buyers and sellers." Firms
are endowed with different levels of quality, which is the only source of product differentiation.
The model exhibits two features that are common to adverse selection settings. First, low-quality
sellers benefit from being pooled with high-quality ones, while adversely affecting them. Second,
high-quality sales are crowded out by low-quality ones. Information disclosure, and in particular a
rating system, helps reallocate sales from lower- to higher-quality producers, thus mitigating the
problem of adverse selection. Our analysis focuses on two main sources of market heterogeneity:
the distribution of firm qualities and the responsiveness of sellers’ supply to prices. Intuitively, the
heterogeneity and skewness of seller quality affect the spread of prices across ratings, while the
responsiveness of supply determines the resulting reallocation of output across these categories.

To our best knowledge, this is the first paper that systematically considers the interaction of these

'We also consider the case of Cournot competition with constant marginal costs and show the results are the same
as those for perfect competition with linear supply.

“While moral hazard might be a critical consideration in some markets, in others adverse selection might play a
more critical role, as suggested by an empirical study on eBay (see Hui et al. (2018)). Optimal rating design with moral
hazard and adverse selection is considered in Saeedi and Shourideh (2019) in a simplified market environment.



two factors and their impact on optimal information disclosure and rating design.

As a result of improved information, prices become more strongly associated with true quality
of sellers and thus more dispersed. Demand is reallocated from lower- to higher-quality firms,
which has a positive effect on the average quality of goods consumed and total surplus. However,
the effect of improved information on total market size and consumer surplus is ambiguous and
depends on the properties of the supply function. When supply is concave, the higher spread in
prices results in a decrease in total output and lowers consumer surplus. The opposite occurs when
the supply is convex.

Regarding optimal information design, we find that better information has opposing welfare
effects on consumers and producers that could lead to limited disclosure depending on the social
objective. For example, in regions where the supply function is concave, pooling can mitigate
the reduction in output from improved information and its negative impact on consumer surplus.
Where the supply function is convex, pooling decreases total output and increases prices, which
might have a positive impact on producers. For those cases where full information is not optimal,
we find that the region of pooling increases with the strength of the bias in the planner’s preference
for one or the other group.

In the second part, we turn to the question of optimal rating design, when limited to a small
number of ratings. In practice, rating systems usually provide coarse signals of quality to buyers.
For example, in California, restaurants are given grades A, B, C, or none based on the score ob-
tained after a hygiene inspection is conducted. Airbnb awards its top-quality hosts the Superhost
badge, and eBay’s high-quality sellers are classified as Top Rated Sellers. Many governmental and
non-profit agencies certify firms that meet certain standards.” These examples raise two critical
questions about coarse rating design: First, given a number of ratings, what are the criteria for
setting the boundaries between them? In particular, when there are only two tiers, how stringent

should the standards for certification be?* Second, what is the welfare loss of using a coarse rating

3For example the website ecolabelindex.com currently lists 455 certifiers for food and consumer products across
199 countries and 25 industry sectors. To the best of our knowledge, they all use these simple mechanisms mostly with
certifying only a subset of the firms in the sector that meet some minimum requirements. Accessed June 11, 2021.

*Hui et al. (2021) examine the effect of an increase in the requirements to become a badged seller on eBay. They
find that this increase leads to a higher market share of high-quality sellers while decreasing the sales of sellers in the
medium range of quality.



system instead of using the unconstrained optimal mechanism?

We first derive a necessary condition defining the thresholds that correspond to an intuitive
criterion. Consider a marginal firm with quality at the threshold between two adjacent intervals.
For this threshold to be optimal, the planner should be indifferent between pooling this firm with
those in the intervals above or below. This decision ultimately affects the demand faced by the
firm, and thus its total output. The benefit of the increased output is the extra value generated
by the additional sales, which at the optimum should be equated to the extra cost of production.
Therefore, one of the key determinants of this trade-off is the supply behavior of firms, in particular,
the curvature of the supply function. We find a simple characterization for the optimal thresholds
in the case of linear supply, which provides a useful benchmark.” These optimal thresholds are the
solution to a standard clustering problem that involves only information regarding the distribution
of qualities.®

Regarding the performance of ratings, we show that a one-threshold partition closes at least
half of the surplus gap between no information and full information for quality distributions with
log-concave density. In our numerical computations, we find that this partition closes from 46%
to nearly 77% of the gap, depending on the underlying distribution of qualities. The loss due to
coarse ratings diminishes rapidly as the number of thresholds increases, implying that a simple
and cost-effective system with a few tiers can achieve a large part of the full-disclosure value.

The design of a rating system faces the following challenges, which we address. How strict
should the standards for certification be? How selective should they be? And how does their
choice depend on the distribution of quality and supply considerations? We find that an increase
in right (resp. left) skewness reduces (resp. increases) the share of producers with high ratings and
increases (resp. decreases) the share of those with lower ratings. Similar considerations apply to
the degree of convexity of the supply function. An intuition for this result is that optimal ratings
trade off pooling in different regions. Pooling is more costly where there is more quality dispersion
or where supply is more responsive to prices.

The last part of the paper examines a series of extensions. We first consider a demand system

>Equivalently, Cournot competition with constant marginal cost.
SThis clustering problem can be solved by the k—means algorithm as introduced by MacQueen et al. (1967) and
used extensively in machine learning and statistics.



where agents have heterogeneous preference for quality, and firms have inelastic supply. Second,
we consider Cournot competition and show that all the results obtained under perfect competition
for our benchmark case apply to this setting. In our final extension, we add entry to the baseline

model.

Related Literature Our paper is related to two strands of literature: first, the papers considering
the impact of information disclosure on consumer and producer surplus; second, those concerning
the determinants of coarse rating systems as well as their performance.’

Most papers belonging to the first strand of literature consider the case where there is a single
seller, or auctioneer, and multiple buyers, as opposed to multiple agents on both sides. Similar to
our results, Schlee (1996) shows that information can hurt consumers when the cost function is
sufficiently convex. Bergemann et al. (2015) consider the impact of information in third-degree
price discrimination. They show that any distribution of surplus that is between the ones achieved
by optimal pricing with none and full information can be attained with some information structure.
Bergemann and Pesendorfer (2007) show that in a private value setting, bidders can be worse off
with better information even though total surplus increases. Board (2009) shows that this result
depends on the number of bidders. Hoppe et al. (2011) consider a matching problem where for
some distribution of types, consumers can be worse off with better information. In our paper we
show that better information always increases total surplus, but it might decrease consumer or
producer surplus depending on properties of the supply function. These considerations are absent
in the matching framework, where supply is inelastic.

There is a large literature on certification and quality disclosure. Dranove and Jin (2010) provide
an excellent survey of the earlier papers. Most of the literature has focused either on the incentives
for firms to reveal their information or the incentives of certifiers to do so. The main question in
this literature is how much information will be revealed in equilibrium and how this might depend
on the nature of competition in the product or certification markets. As an example, Lizzeri (1999)

finds that while a monopoly certifier chooses to provide coarse information with a single and

"Our paper focuses on a setting where uncertainty is about seller quality, and information is provided to consumers.
There is a growing literature that focuses on the reverse channel, where an intermediary transmits information about
buyers to sellers. For a survey see Bergemann and Bonatti (2019).



low threshold, competition among certifiers can lead to full information. Ostrovsky and Schwarz
(2010) consider equilibrium information structures where colleges strategically choose how much
information to reveal about their students ability. DeMarzo, Kremer, and Skrzypacz (2019) consider
a Bayesian game where agents choose the informativeness of testing but can withhold bad results.

Our paper differs from this certification literature in several dimensions. First, in our setting
information is freely provided by a single informed certifier, and in particular it is exogenous to
the firm, as occurs in the examples mentioned above. Secondly, information affects payoffs of
firms through two channels. The first is a standard one, where certification provides a signal of
expected quality to consumers, directly affecting the price faced by the firm. The second one is
that certification affects total equilibrium output and thus the equilibrium prices received by all
firms, thus impacting both, producer and consumer surplus. This effect is absent in most papers on
certification in markets, that usually assume inelastic supply. Another implication of elastic supply,
is that certification reallocates sales across firms, to a degree that is affected by supply elasticity.
This plays an important role in the value and design of an optimal certification mechanism.

Coarse ratings have also been justified in the literature by their simplicity and overall perfor-
mance. Wilson (1989) shows that losses relative to full information are of order 1/n? for a partition
with n classes. This finding is consistent with our computed bounds in Section 4.2. Our theoretical
bound on the gains from a two-tier certification is also related to the bounds found by the coarse
matching literature such as in McAfee (2002), Hoppe et al. (2011), and Shao (2016).

Information disclosure is the focus of the literature on Bayesian persuasion, where an informed
sender chooses an information structure to influence the behavior of a receiver. Kamenica (2018)
and Bergemann and Morris (2019) provide a great survey of this literature. Kolotilin (2018) and
Dworczak and Martini, (2018) provide conditions on payoffs so that interval partitions are the
optimal information structure. Onuchic and Ray (2021) study the problem of monotonic catego-
rization when sender and receiver have different priors. In contrast to most of this literature, where
a single receiver takes an action, in our setting the outcome is the result of the equilibrium choices

of multiple agents, introducing a non-linearity across states®

8While other papers have studied settings with multiple receivers, the analysis has often been suitable for games
where a low-dimensional source of aggregate information is observed by a sender. For example, Bergemann and
Morris (2013, 2016) characterize the outcome of all Bayesian persuasion games with multiple receivers. In principle,



The most relevant empirical papers related to our theory are Saeedi (2019), Elfenbein et al.
(2015), Fan et al. (2013), and Jin and Leslie (2003). Saeedi (2019) studies the value of reputation
mechanisms and establishes a positive signaling value for the certification done by eBay. Elfenbein
et al. (2015) study the value of certification badges across different markets. They find that certifi-
cation provides more value when the number of certified sellers is low and when markets are more
competitive. Fan et al. (2013) analyze the effect of badges on Taobao.com. They find sellers offer
price discounts to move up to the next reputation level. Jin and Leslie (2003) use data on restaurant
hygiene ratings to examine the effect of an increase in product quality information to consumers
on firms’ choices of product quality. Our paper also relates to the literature that analyzes the ef-
fects of changes in marketplace feedback mechanisms on price and quality (e.g., Hui et al. (2016),
Filippas et al. (2018), and Nosko and Tadelis (2015)).

Section 2 describes the model. Section 3 considers the optimal information disclosure problem.
Section 4 finds the optimal coarse ratings when the number of signals is limited, and it also finds a
bound on information loss due to this constraint. Section 5 studies the extensions to the baseline

model, and Section 6 concludes. Proofs are relegated to the appendix unless otherwise specified.

2 The Model

There is a unit mass of firms with qualities z distributed according to a continuous cumulative
distribution function (cdf) F'(z). Production technology is the same for all firms and is given by
a continuous, strictly increasing, and strictly convex cost function ¢ (g), and, correspondingly, a
strictly increasing supply function s (p). On the demand side, there is mass M of consumers who

face a discrete choice problem, with preferences

U(z,0,p)=z4+0—np,

our problem could be potentially mapped into this framework, with an omniscient sender that observes the quality
of a continuum of firms, but it would be impractical to solve it this way. Even for a simple two-player game, Bhaskar
et al. (2016) show that computing the optimal public signal is NP-hard.



where z is the quality of the good purchased, 6 is a taste parameter measuring the preference
for goods offered in this market vis a vis an outside option, and p is the price of the good. The
taste parameter 6 is distributed according to a continuous and strictly increasing cdf W (6), while
the outside good’s utility (no purchase) is normalized to zero.” Goods are differentiated only by
quality, which is equally valued by all consumers.'’ Given the linearity of the utility function in z,
the same ordering is obtained for the consumption of a good of expected quality z. We assume all
market participants have the same information about the expected qualities of firms, represented
by the distribution function G (2).!' In particular, when considering a finite rating system as in
Section 4, we assume that G is a discrete distribution with point masses at the conditional mean
qualities associated to each rating. We will say that a firm has expected quality 2 if conditional on
all signals received, that is the quality expected by consumers.

Given expected quality z, equilibrium prices take the form p (z) = p (0) + z, where p (0) corre-
sponds to the demand price of a hypothetical good of quality zero. This expression for prices guar-
antees that all consumers are indifferent between goods with different signal realizations, which
is a necessary condition for an equilibrium. Given a baseline price p (0) , the marginal consumer’s
6 is found by setting U (0,6, p (0)) = 0, or simply 6 (p (0)) = p (0). All consumers with § > p (0)
will consume some good, so aggregate demand is ) = M (1 — ¥ (p (0))). Inverting this function,

we can define an inverse baseline demand function

PQ)=v""(1-Q/M). (1)

On the supply side, each firm with expected quality z chooses its output, ¢ = s(p(z)), so
aggregate supply Q = [ s (p(2)) dG (z).
Definition. An (interior) equilibrium, given the distribution of expected qualities G (z), is given

by prices p (z) = P (Q) + z, where total quantity Q = [ s (p(2)) dG (2).

° Alternatively, one can consider —@ to be the value of the outside good to consumers. Also note that we do not need
to make any particular assumption on the distribution of ¢ ; additionally, linearity in z can be relaxed by modifying
the distribution of qualities.

0Tn Section 5.3, we consider a case where consumers are heterogeneous with respect to their taste for quality.

This representation of the information structure is consistent with the approach followed in Ganuza and Penalva
(2010) and Gentzkow and Kamenica (2016). Given a common prior F'(zg) over firm qualities and a signal structure T,
we can let G (z) be the distribution of the expected posterior of firm quality.
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Figure 1: Equilibrium

Figure 1 shows graphically the derivation of an interior equilibrium for the case of a two-tier
partition, where L represents the group of firms with quality below a threshold z*, and H those
above.'” Denote by 2, (resp. zy7) the average quality of sellers in the L group (resp. H group). The
two curves depict the demand curve for the goods in the L and H segment, respectively. Since all
consumers value quality identically, the price difference between the goods in the two segments is
the same as the difference between the two respective average qualities pyy —pr, = 2y — 2. The first
upward sloping curve is the supply function of the firms in the H group, Sy = (1 — F' (2*)) s (pu) -
The second one is the supply function of the firms in the L segment, S, = F'(2*) s (pr), displaced
to the right by the equilibrium quantity of the H group, () 7. The marginal consumer () is the one
that is indifferent between consuming either of these goods or none at the equilibrium prices; ) is
also the total market supply of both goods.

To prove the existence of an interior equilibrium, we make the following assumption.

12 Alternatively, this can be interpreted as a case of having two types of sellers with two levels of qualities.



Assumption 1. There exists 0 in the support of ¥ such that
M > /s<§+z> dG (z)
for all distributions G' such that F' is a mean-preserving spread of G.

This assumption rules out the possibility that all consumers make purchases in this market; in
other words, we assume that the consumers are on the long side of the market."” While a corner

equilibrium, if it exists, is also unique, we rule this out as a matter of convenience.

Lemma 1. Under Assumption 1, there exists a unique interior equilibrium for all expected quality

distributions G such that F' is a mean-preserving spread of G.

Proof. Given that the cdf ¥ is strictly increasing and continuous, the function P (Q) is strictly
decreasing and continuous. Define function f(Q) = [s(P(Q)+ z)dG (z). This function is
strictly decreasing and continuous. It follows immediately that f (0) > 0. By Assumption 1,

f(M) < M since P(M) < 0. Hence, there exists a unique fixed point Q* for this mapping. [

3 Information Disclosure

Our previous analysis takes the distribution of mean qualities, G, as a primitive. Given the linearity
of payofts, this is a sufficient representation of information, as two products with the same posterior
mean qualities are equivalent to consumers. As in Ganuza and Penalva (2010) and Gentzkow and
Kamenica (2016), improvements in information can be represented by mean-preserving spreads of
the distribution of mean qualities. This section considers two related questions: (1) the impact of
improved information on producer and consumer surplus and (2) optimal information disclosure

by an informed principal.

13 As explained below, the assumption spans the set of all possible information structures.

10



3.1 Improved Information

This section examines the impact of improved information on producer and consumer surplus.
Given total quantity @, equilibrium prices are given by p (Q) + z, with mean p (Q) + Z. A mean-
preserving spread of GG increases the spread of prices around the mean while possibly changing
the mean, too, as the equilibrium quantity () changes.

The increased dispersion of prices has a direct positive effect on average profits, as a result of
the convexity of the profit function. In turn, an increase (resp. decrease) in market size as measured
by the change in total quantity () has a negative (resp. positive) effect on profits. In contrast, as we
now show, consumer surplus is affected only by changes in total quantity (), and in the opposite
direction of profits.

Consider a consumer of type 6 who buys a good of quality z, with utility  + z — p (z) . Given
the equilibrium price p (z) = P (Q) + z, the consumer’s net utility is § — P (@) . It follows that

total consumer surplus is

Q
/ <0—P<@>>d\v<0>:/ (P(2) — P(Q))de
P(Q) 0

where the equality follows from the change of variables x = M (1 — ¥ (6)), and our definition of
P (Q) given by equation (1). This implies that consumer surplus will move in the same direction as
market size, as given by total quantity (). It is worth noting that this general equilibrium effect has
opposite impacts on consumer and producer surplus. This observation will become quite relevant
in Section 3.2 when considering optimal information disclosure.

The impact of improved information on market size () depends on the properties of the supply
function. If it is linear, the increase in price dispersion has no effect on total output, so there is
no change in @). In contrast, when the supply function is convex (resp. concave), total output
increases (resp. decreases) with price dispersion. More generally, the direction and magnitude
of output change will depend on the shape of the supply function (convex or concave) and the
magnitude of the changes in spread.

The following proposition summarizes these results.

11



Proposition 1. An improvement in information quality, as given by a mean-preserving spread of G,

has the following effects:
1. It increases (resp. decreases) total output if the supply function is convex (resp. concave).
2. Consumer surplus changes in the same direction as total output.
3. Producer surplus increases if total output does not increase.
4. Total surplus increases.

In particular, in the case of concave supply functions, consumers are better off with no infor-
mation. There are some related results in the literature, though in different settings. For example,
Schlee (1996) considers a single product monopoly seller in a vertically differentiated market. The
quality of the good offered is exogenous and privately observed by the monopolist, who must
choose the informativeness of a signal to be provided to consumers before observing the quality
realization. It is shown that if the cost function is sufficiently convex, consumers are worse off ex
ante with a more informative signal. Hoppe et al. (2011) consider a matching problem and show
that under some conditions on the distribution of types, one of the sides (e.g., consumers) can be
worse off by having a more precise information structure regarding the type of the other side.

Regarding producer surplus, there is an additional direct contribution of price dispersion to
profits. So, total profits can still increase when output increases. While examples can be constructed
where producer surplus decreases, for this to occur, the degree of convexity of supply needs to be
very strong relative to the convexity of the profit function.'

While improved information has ambiguous effects on consumer and producer surplus, it al-
ways increases total surplus. The intuition is as follows. Firstly, a social planner, subject to the
same information structure, cannot improve on the competitive equilibrium allocation, which is

thus optimal. Secondly, equipped with better information, a social planner can always increase

14For example, consider the following setup: Marginal cost 0 for ¢ < 1 and 1+¢ for ¢ > 1 up to a capacity constraint
of 3. Mass of firms equal 1; equal weights of qualities 0 and 1. Baseline inverse demand function is 1/2 up to @ = 1
and drops to 2¢ after that. Initial equilibrium p = 1; total output equals 1, and total demand is also 1. Total profits
are equal to 1. Equilibrium with full information: p = 1 + 2¢, and total profits equal 3 x (3 x (26 + 1) — 2(1 +¢)),
which is approximately equal to 1/2 for small .

12



total surplus. This result also implies that better information must benefit either producers or con-
sumers, or both. In particular, average profits must rise when consumer surplus does not increase,

as in the case of concave supply.

3.2 Optimal Information Disclosure

This section considers optimal information disclosure by a market designer, which we refer to as
the planner. The information structure is as follows. To motivate the analysis, we start with two

examples which capture in a stylized way some realistic features.

Example 1

All firms inelastically supply ¢ units provided price is above marginal cost ¢ > 0. Note that be-
cause output is inelastically supplied, the only role of information is to exclude some low-quality
producers from the market. This scenario might represent a market where retailers can acquire
the good at a wholesale price c, at a limited capacity. Let z¢, z°, 2P denote the optimal thresholds
for consumers, an equal weights planner, and producers, respectively. Consumers are interested in

maximizing output, subject to the participation constraint for producers being above the threshold
P((1=F(29)q) + M (%) —c =0,

where M (z*) denotes the average quality above z*. An equal weights planner will exclude all

producers that contribute negative value, and will thus choose
P(1-F(2°)q+2°—c=0.

Finally, producers would want the threshold to maximize total profits. It is easy to verify that the

corresponding necessary condition is

P()+22—c==P()(1-F(")q

13



It follows easily that 2¢ < 2° < zP. In order to implement the threshold z¢, pooling above z¢ is
needed, while to implement producers’ preferred threshold 27, pooling below 2” is needed. Full
separation can be used in the complementary regions."” Full separation for all producers is suffi-

cient to implement the planner’s preferred threshold 2°.

Example 2

Suppose the supply function is linear up to capacity constraint ¢ but there is a fixed cost and, corre-
spondingly, a breakeven price p, > 0. This example captures in a stylized way realistic features for
many activities (e.g., Uber rides), where there is a minimum strike price and an intensive margin
beyond this price up to a capacity limit.

This supply function is convex in the lower end and concave above it. Following the intuition
from the previous section, in order to maximize total output, consumers would want to separate
firms in the lower end below some threshold 2¢ and pool those above it. Assuming the upper bound

does not bind, total output is given by

Q=5(P((Q)+M(z))) (1= F(2)).

It follows after differentiation that d()/dz° has the same sign as — P (()) 4 2¢. Consumers will thus
set 2¢ to be the minimum such that P (Q)) + 2¢ > 0 and P (Q)) + M (2°) > py. As shown before,
the equal-weights social planner will want full information and an efficient threshold such that
P (Q) + z° = py. It follows easily that 2° > z¢. Moreover, because consumer surplus is decreasing
at z°, it must be that producer surplus is increasing, so the threshold for producers will be higher,

with full separation above it.

General Theory

The planner’s information is summarized by a distribution F' (2) of expected qualities across sellers

with mean Zz. This represents the maximal information that the planner could provide to buyers.

5The latter is sufficient but might not be necessary in this example.

14



Any partial revelation of information can be represented by a distribution GeG, where G is the
set of garblings or mean-preserving contractions of F'. Buyers have symmetric priors about seller
quality.'® We first consider the extreme case where buyers have no information about firms, sharing
a degenerate prior with mass 1 at mean quality z. Results are then extended to non-degenerate
priors in Section 3.3.

Forany G € G, let () (G) denote total equilibrium output. Letting 0 < v < 1 denote the weight

given to consumers, the planner’s problem is

Q(G)
max(1=7) [ 7 o+0)aG @) +r [ (Pl0) =) da @

where p = P (Q (G)) and 7 is the profit function of the sellers. The first term corresponds to
producer surplus and the second term to consumer surplus, as explained above.

Changes in the information structure, as represented by G, have two effects on the planner’s
objective: a direct effect on expected profits and a general equilibrium effect, operating through
the change of ) and p. To provide some intuition, consider a small mean-preserving spread of ¢
around quality z. The direct effect will be an increase in profits of a magnitude that depends on
the curvature of the profit function around p + z, (1 — ) 7" (p + x). The equilibrium effect will

be given by a marginal change in prices dp with welfare effect

1) [ D6 () - 2Q ()| dp = (1-2) QG

which follows from the envelope condition %:w) = 5 (p + x). Thus the general equilibrium effect

will affect firms and consumers in opposite and equal directions. Moreover, since dp = P’ (Q)) dQ,

18This notion of garbling of information has been used repeatedly in the literature, for example in Ganuza and
Penalva (2010), who order the quality of information by the dispersion of beliefs. The distribution of expected qualities
G is more informative than distribution G if it is a mean-preserving spread of G. We will refer to this ordering as
better information. As the maximal signal structure corresponds to perfect information, the class of all information
structures can be represented by all garblings of F, i.e., all distributions G such that F' is a mean-preserving spread of
G. This corresponds to the ordering of integral precision of signal structures defined in Ganuza and Penalva (2010) and
the ordering in Gentzkow and Kamenica (2016). Starting from a prior Fy, signal structure ¢ is more integral precise than
signal ¢ if the induced distribution of expected qualities G (z) generated by 7 is a mean-preserving spread of the one
generated by ¢. In general, integral precision ordering is weaker than the likelihood ratio and other related orderings
considered in the literature (see Ganuza and Penalva (2010) for references.)

15



its magnitude will vary directly with the intensity (and sign) of the output change d@. This in turn
depends on the curvature of the supply function s” (p + z) around the point of the mean-preserving
spread x. In particular, if the supply function is convex around this point, total output will increase
and the general equilibrium effect will imply a transfer of utility from firms to consumers. A
transfer in the opposite direction would occur if the supply function were concave at this point.

This endogeneity of (), and the resulting nonlinearity, makes our problem different from the
usual Bayesian persuasion models; therefore, we cannot use directly the methods developed in the
literature. But, as we show below, the problem has indeed a linear structure when constrained to
a given level of aggregate output (), and this can be used to provide results on optimal disclosure.
Consider the constrained optimization problem:

Q
UQ = maX(l—7)/W(P(Q)+2)dG(2)+v/o (P(q)— P(Q))dg

Geg

subject to: Q = /S (P(Q) + 2)dG (2),

where both the objective function and the constraint are linear in G. The corresponding Lagrangian

function is given by

Q
L@ = mx(1=y) [=(PQ+)dGE+1 [ (P@-P@d @
i\ (Q—/S(P(Q)+z)dG(z)).

As usual, the value A (Q)) can be obtained by differentiating (3) with respect to @,

(1-27) QP (Q)

AT P QS(PQ +2)dG ()

It follows that ) is positive if and only if y > 1/2. This captures the intuitive idea, discussed above,

that increases in total output represent, at the margin, a transfer from firms to consumers. Letting

Vi(z) =(1=7)7(P(Q)+2) +AS(P(Q) +2), (4)

16



the optimal information structure solves

Geg

max / V (2)dG (2) .

As in Kolotilin (2018), it follows from Jensen’s inequality that full revelation is optimal when V' (z)
is convex, while no revelation is optimal when it is concave. Since the first term in (4) is convex,

we can easily derive the following sufficient conditions for full revelation.
Proposition 2. Full revelation is always optimal in the following cases:

1L y=1/2;

2. v<1/2andS is concave; and

3. v>1/2andS is convex.
In addition, when v = 1, full revelation is optimal only if S is convex.

In all of these cases the implied function V' (z) is convex, after factoring in the corresponding
sign of the multiplier \. The first case confirms our previous result that full revelation is optimal
when the planner maximizes total surplus. The second result follows intuitively from the fact that
when S is concave, improved information decreases output, implying a transfer from consumers
to firms, which is desirable as v < 1/2. Similarly, the last result follows from the fact that when
S is convex, improved information increases output, implying a transfer from firms to consumers,
which is desirable as y > 1/2.

Sufficient conditions for no revelation of information are harder to obtain. Because the first term
in (4) is convex, the conditions needed for V' (z) to be concave seem to be stronger. In the extreme
case when v = 1, the sufficient conditions will hold when the supply function S is concave, which,
as we found before, is the case where consumers are better off with no information. More generally,
when v > 1/2, the supply function has to be sufficiently concave relative to the profit function for
no information to be optimal, while if 7 < 1/2 the supply function has to be sufficiently convex.

When considering the question of information provision using certification criteria, an issue

that often arises is how hard should the test be? As an example, eBay’s increase in the requirements
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to qualify as eBay Top Rated Seller was an attempt to make the test harder to pass. An easy test
allows creating differentiation at the lower end, while a harder one, at the upper end. So, where is
information revelation more valuable? Our previous analysis suggests that more differentiation of
firm qualities is of greater value in regions where the degree of convexity of V' (z) is stronger. In
particular, when V" (2) is increasing (resp. decreasing) we should expect full disclosure (pooling)
starting from a point z* and pooling (full disclosure) in the region below this point. These corre-
spond to situations when V' (z) is concave-convex (resp. convex-concave). The next proposition

provides the conditions under which these properties hold.

Proposition 3. Full disclosure up to some threshold z* and complete pooling above is optimal in the

following cases:
1. v >1/2 and S"/S" is decreasing,
2. v<1/2andS"/S’ is increasing.
Complete pooling up to some threshold z* and full disclosure above is optimal in the following cases:
1. v>1/2and S"/S" is increasing,
2. v<1/2and S"/S" is decreasing.

The intuition for these results is as follows. A small increase in spread around z has a direct
positive impact on expected profits that is proportional to 7" (P (Q) + z), the curvature of the
profit function around this point. Likewise, it has an impact on total output and a transfer from
producers to consumers that is proportional to S” (P (Q) + z). This transfer is positive if S is
convex at this point, and negative otherwise. The ratio S” (z) /7" (z) measures the transfer relative
to the profit increase resulting from this small increase in spread. The higher S” (z) is relative to
7" (2) (lower in absolute value), the smaller the transfer (loss) is relative to the direct profit gain.
In this case, it is optimal to provide information disclosure for higher values of this ratio. Our
intuitive argument suggests that when S” (z) /7" (z) is increasing (resp. decreasing), disclosure
should occur in an upper interval (resp. lower interval). Note that this is precisely the case where

V' (z) is concave-convex (resp. convex-concave).
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Figure 2: Optimal Pattern

The results from this section are summarized in Figure 2.
We end this section considering the effect of asymmetries in the weights of consumers and
producers. For those cases where full information is not optimal, we find that the region of pooling

increases with the strength of the bias in the planner’s preference for one or the other group.

Proposition 4. Consider an increase in~y. Ify > 1/2, then the pooling region increases with ~y, while

if v < 1/2 the pooling region decreases with .

The intuition for this result is as follows. When y > 1/2, it must be the case that S is concave in
the pooling region; otherwise, there would be full disclosure, as stated in Corollary 2. Thus pooling
takes place to mitigate the reduction in output from improved information and its negative impact
on consumer surplus. The larger the weight of consumers, the larger this pooling region will be.
When v < 1/2, it must be that the supply function is convex in the pooling region, and pooling
occurs precisely to mitigate the increase in output and its negative impact on producers. The lower

the weight of producers (higher ), the smaller this pooling region will be.
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3.3 Buyer’s Prior Information

In this section we extend our results to the case where buyers have non-degenerate priors, given as
follows. There is a finite partition of sellers into /N groups with respective shares o;,j = 1, ..., N.
For all sellers in a group, buyers share symmetric information given by a Dirac prior on mean qual-
ity z?. This could represent, for example, identical realizations for a finite set of ratings. For each of
these groups, the planner’s information can be represented by a distribution £ of expected quali-
ties across these sellers, with mean z?. Any partial revelation of information can be represented by
a distribution G;€G;, where G; is the set of garblings or mean-preserving contractions of F}. This
information structure implies a distribution G = j @G over expected qualities of sellers which
refines the information of consumers up to the information held by the planner. Let G denote the
set of distributions that can be obtained this way. The optimal problem is identical to (2), optimized
over this set of distributions.

The constrained optimization problem we specified in (3) can be adapted to this case. We solve
for the optimal disclosure policy GG; within each element of the information partition of buyers,
holding fixed the vector of total output (); for each. Since the only connection between all of
these planning problems is through aggregate output, holding it fixed makes the problem separa-
ble. Moreover, as total output is the sum of the output (); of all partitions, the multipliers A; are
identical. In consequence, all properties derived above translate to each element of the partition.

In particular, Corollaries 2 and 3 as well as Proposition 4 hold.

4 Coarse Ratings

Most rating systems are coarse, ranking sellers into a small number of categories. For example,
in the case of Yelp, the partition involves five stars, including the possibility of half-stars. In the
case of eBay, the partition includes two groups: the badged and unbadged. In the case of California
restaurants, the partition involves three elements: A, B, and C. In addition, hundreds of govern-
mental or non-profit certification agencies use a pass-fail or tiered signal for their certification

method. This section considers the question of optimal information design when the number of
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ratings the market designer can employ is limited. This restriction can be motivated not only by
its wide use but also by its cost-effectiveness, as giving very precise information might be difficult
or costly, and simple rankings might be easier to interpret. Moreover, as we find, most of the gains
from optimal information provision, as given in the previous section, can be achieved with a very
limited number of ratings.

In this section we focus on simple ratings that partition the set of sellers into N groups. We
consider as an objective the maximization of total unweighted surplus (y = 1/2 in the previous
section). The cases of consumer and producer surplus are discussed in Section 5.2. To simplify our
analysis, we assume that consumers have no information other than that provided by the certifier.
The timing is as follows: First, the certifier observes some signals for each firm that are correlated
with the firm’s quality; Second, the certifier assigns a rating to each firm and makes it common
knowledge to all participants in the market. Based on these ratings all market participants can
infer the average quality of sellers, thus sharing a common posterior with support at the corre-
sponding N conditional quality means.!” Third, market equilibrium outcomes are determined for
this distribution of expected qualities.

Following our earlier discussion on information structures, the certifier’s information can be
summarized by a distribution of posterior mean qualities that, in order to avoid further notation,
we denote by F'(z). This is the basis on which the certifier classifies firms into rating bins. To
simplify the exposition, we refer to the expected value z as the quality of the firm."* We assume F'
is differentiable on its support with density f (z).

A threshold partition totally orders firms into NV quality intervals. As a corollary to Proposition

1, we establish the superiority of threshold partitions."’
Corollary 1. The optimal rating is given by a threshold partition.

Given this corollary, the design of an optimal rating system reduces to finding the vector of opti-

7Certifiers usually provide users with guidelines to interpret their ratings or users learn their meaning over time.

8The true distribution of qualities plays no role, as any information provision that respects the information of the
certifier is a garbling of the certifier’s posterior F.

YDworczak and Martini (2019) provide conditions under which the optimal signal structure implies a monotone
partition in a Bayesian persuasion setting. Our setting is different and our result straightforward. We can find a con-
nection only in the case of linear supply, where our problem can be mapped into their formulation with the additional
constraint of a fixed number of ratings.
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mal thresholds, z = (z;....z2y_1), that divide sellers into the N partitions, {|zo, 1], [21, 22|, ---, [en—1, 2N]},
where 2y and 2z, are the lower and upper supports of the distribution of expected qualities given

the planner’s information (—oo or +oo if unbounded), respectively.

4.1 A Necessary Condition

In this section we derive a simple and intuitive necessary condition to characterize these optimal
thresholds. Let My = m (zx_1, 2) ,k = 1, ..., N denote the conditional means of quality z in the
intervals [2;_1, 2x]. Let @ (z) denote the unique equilibrium total quantity at the optimal threshold
vector. The prices for sellers in partition [z;_1, ;| are denoted by p, = P (Q(z)) + My, and

quantities by g, = s (py) . Total surplus is given by

Q(=) N
W = [ P@dr+ Y IF )~ F ()] M — (o) &

Taking first order conditions with respect to zj;, proves the following necessary condition:

Lemma 2. Let the thresholds z = (z1, ..., zy_1) maximize (5). Then

(P(Q(2)) + z1) (qk+1 — @) = c(qrt1) — c(qr) (6)

for all 2.

Condition (6) has an intuitive interpretation. Consider a marginal firm with quality at the
threshold between two adjacent intervals. For this threshold to be optimal, the planner should
be indifferent between pooling this marginal firm with those in the lower or upper interval. The
left hand side shows the marginal value obtained by increasing the quantity of the marginal firm
with quality zj, from g to gi41; this would result from a marginal change in this threshold. The
right hand side shows the difference in cost. This condition highlights the relevance of the supply
behavior of firms, in particular, the curvature of the supply function, as it impacts both the response
of output to changes in prices and its impact on cost.

Figure 3 provides a graphical representation of this necessary condition and its connection to
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Figure 3: Optimal Pattern

the supply function. Three cases are considered: alinear supply function given by the solid diagonal
line, an upper convex supply (concave marginal cost function), and a lower concave supply (convex
marginal cost function). The area below the marginal cost function between g and g1 equals the
right hand side of (6), while the area under the line P + z;, equals the left hand side. The difference

between these two areas is

/qm (P + 2z, — C'(q)) dg,

dk

which equals zero if and only if condition (6) holds. In the linear case, the integrand is positive
up to point b and negative thereafter. Point P + z; is such that the regions from a to b and from
b to ¢ have the same areas. It is immediate that in the linear case, the corresponding value of
2 = (Mg41 + My) /2. Tt also follows easily that for the convex supply case, P + z; must be

higher, so z, > (My1 + My) /2, while the converse holds for the concave supply case.

Proposition 5. Let the thresholds z = (z1, ..., zn_1) maximize (5), and denote by My, = E (z|zp—1 < 2z < z)

the corresponding conditional means. Then
1. 2z = (Mg + Myy1) /2 if the supply function S (p) is linear;

2.z, > (Mg + Myy1) /2 if the supply function is convex, with strict inequality if it is not linear
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in the interval [My, My.11]; and

3. zp < (Mg + My11) /2 if the supply function is convex, with strict inequality if it is not linear

in the interval [ My, Mj.1].

A simple characterization for the solution in the linear supply and conditions for uniqueness

are provided in the following proposition.*’

Proposition 6. If the supply function is linear, the optimal thresholds z = (z1, ..., zy) are the ones

that minimize
N .
Z / (z — M) dF (2). (7)
k=1 " #k=1

If in addition F' has log-concave density, the solution to this minimization problem is unique.

The optimal thresholds for the linear supply case are the ones that minimize the sum of the
variance of qualities within partitions. This objective coincides with the popular £ —means criteria
for clustering as introduced by MacQueen et al. (1967), commonly used in the machine learning and
statistics literature. This makes estimating the optimal thresholds a trivial task, as many software
programs incorporate algorithms to solve this problem.

Following from the above observations, the linear supply case seems to be a natural reference
point. It is easy to compute, providing the market designer a good place to start. Moreover, Proposi-
tion 5 suggests that the thresholds for the linear case can be lower (resp. upper) bounds for the case
of convex (resp. concave) supply, which is formally proved in Section 5.1. In addition, all results
obtained for the linear supply case apply identically to the canonical case of Cournot competition
with constant marginal cost and arbitrary demand function, as shown in Section 5.4. The remain-
der of this section will focus on the linear supply case. Section 4.2 considers the performance of
simple rating systems. Section 4.3 considers the role of the distribution of firm qualities F' and in

particular its skewness.

2The analysis for the nonlinear supply cases is provided in Section 5.1
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4.2 Value Loss Due to Coarse Ratings

In this section, we study the performance of simple rating mechanisms. We first derive a theoretical
bound for the case of two-tier ratings. Next, we explore numerically the performance of simple
ratings for a large class of widely used distribution functions.

Given that in the case of linear supply considered here total quantity and consumer surplus
are invariant to the information structure, without loss of generality we consider the gap in pro-
ducer surplus. Profits for a firm with expected quality z are equal to p (2)° /2 = (P (Q) + 2)* /2.

Therefore, for any distribution G of expected quality, total profits are

mo— %/(P(Q)—Fz)ZdG(z)

— JPQPHP@z; [ 26(),

The first two terms do not depend on G and thus on the partition. For the full information case,
the distribution of means G = F, so Il = %P(Q)2 +P(Q)z+ 2 fzzdF (2). Therefore, the
surplus gap with respect to the full information case is AIl = 3 ([ 22dF (z) — [ 2%dG (z)) for any
distribution of expected quality GG. In particular, the total gap with respect to the no-information
case is AIl = % (f 22dF (z) — 22) . For a threshold partition (zy, ..., 2x_1) , where G has N mass

points at the conditional means M, ..., My

\)

All = 12/ 22— M) dF () (8)

= —é:/ (2 — My)?] dF (2) .

N —

This equation corresponds again to the loss function used in k — means clustering, given that at
the optimal thresholds, as defined earlier, the expected values My, are precisely the centroids of the
corresponding intervals [zj_1, 2] . We are interested in seeing how much of the total surplus is

captured by 8 or simply the following ratio:

25



ATL — ATl - Sy Jib (2= My)*dF (2)
All [ 22dF (z) — 22
Sy (F () = F (211)) (Mg — 2)°
[(z—2)?dF () ’
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|

|

which is the ratio of the variance between the conditional mean qualities and the total variance.
Intuitively, this bound is a measure of the relative importance of the variance between the means of
the partitions, separated by their ratings, and the variance that remains in each pool. This connec-

tion to variance decomposition is used below to derive a theoretical bound on ratings’ performance.

Theoretical Bounds The simplest coarse rating scheme is a two-tier certification, widely used
in many settings. The next proposition provides a useful bound for the gains from certification that
builds on the variance decomposition described above. The corollary that follows gives sufficient

conditions so that a two-tier rating achieves at least half of the surplus of full information.

Proposition 7. The relative performance of a two-tier setting satisfies

G > :
— 1+ max {cv?, cv3}’

where cv; is the coefficient of variation of z — Z conditional on z < Z and cv, the coefficient of variation

of z — Z conditional on z > Z.

Corollary 2. Suppose that the distribution F' has an increasing hazard rate and a decreasing reverse

hazard rate. Then a two-tier rating achieves at least half of the surplus of full information.

Proof. From a well-known result from Stoyan and Daley (1983), pp 16-19, the conditions of this
corollary imply that cv; < 1 and cv, < 1. Using the bound in Proposition 7 completes the proof.
]

The conditions given in the corollary are satisfied by a large class of distributions that include

all those with log-concave densities, such as uniform, normal, exponential and double exponential,

26



Table 1: Optimal Thresholds

Distribution | Case | Mean/Median | z* | 1— F'(2%) Share of Surplus Gap Closed
n=2[n=3[n=5[n=10

Pareto o= 1.19 2.73 0.05 0.46 0.68 0.84 0.94

o= 1.12 1.84 0.09 0.54 0.74 0.89 0.97

Exponential all 1.45 0.20 0.65 0.82 0.93 0.98

F(z)=2* | a=05 1.32 0.41 0.36 0.77 0.90 0.97 0.99

z € [0,1] a=2 0.94 0.62 0.62 0.72 0.87 0.95 0.99

Log-normal | o = 0.25 1.03 1.09 0.36 0.63 0.81 0.92 0.98

(n=0) oc=1 1.64 4.25 0.07 0.55 0.75 0.89 0.97

Note: The above calculations correspond to the linear supply case.

logistic, extreme value, and many others with some restriction on parameters (e.g., power function
F (z) = z¢ for ¢ > 1.) Related bounds for two-sided matching problems can be found in McAfee
(2002); Hoppe et al. (2011); Shao (2016). The results of Wilson (1989) imply that the losses from
N —ratings are of order 1/N?.

Numerical Results We examine now numerical results for a variety of distribution functions
that are often used in the economics literature. Table 1 reports the share of the total surplus gap that
is closed with partitions of different sizes n. As can be seen from the calculations, a one-threshold
(certification) partition closes from near 50% to almost 80% of the surplus gap, depending on the un-
derlying distribution of qualities. The gains are diminishing as the number of thresholds increases.
Even though total surplus increases with the number of tiers, our numerical results suggest that
most gains are attained with a small number of ratings. As a result, the market designer should
weigh in the cost of having a more complicated information structure against the diminishing re-
turn of having more tiers.

These results show that a very simple rating system consisting of a single certification thresh-
old or few tiers can achieve a considerable share of the gains from full information. This suggests
that the added cost or complexity of a more elaborate design might not be compensated by the
gains from it. While we do not model the cost of providing more detailed information for the mar-
ket designer or consumer’s cost of analyzing and understanding detailed information, our results

suggest that small costs could justify simple rating schemes and their popularity among market
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designers in practice.

4.3 Skewness and Optimal Thresholds

The optimal thresholds, as depicted in Equation 7, will depend on the distribution of sellers’ quality,
i.e., F' distribution. In this section, we study how skewness in the distribution of qualities impacts
this optimal choice. In particular, we show that in the simple case of a two-tier certification, the
optimal threshold is skewed in the same direction as the distribution of qualities. Then, we extend
this result, providing general comparative statics for the vector of thresholds with respect to an
appropriately defined skewness ordering.

Before proceeding to the analysis, we would like to provide some intuition behind our results.
Consider the case of one certification threshold z*. The following trade-off appears when deciding
how strictly to draw the line separating the upper and lower segments. When putting 2* in the
upper group, there is an upward distortion of the supply of the firm at z*, which is a function of
the distance My — z*. This distance also measures the extent to which the firm at z* gains from
being pooled with higher-quality firms. When putting z* in the lower group, there is a downward
distortion of the supply of the firm at z*, which is a function of M —z*. This distance also measures
the extent to which the firm at z* loses from being pooled with lower-quality firms. Right skewness
(resp. left skewness) of the distribution F’ (z) will increase (resp. decrease) the upward distortion
and decrease (resp. increase) the downward distortion, making it optimal to have more restrictive
(resp. less restrictive) certification standards.

The condition given in Proposition 6 implies

P

1
£ (M () + My (), ©)
which can be used to relate this threshold to properties of the distribution. Consider first the case
of a symmetric distribution, i.e., where the median, 2,,c4iqn, €quals the mean, z. Since for any z*,
F(z*)Mp+ (1 — F (2%)) My = Zz, setting the threshold z* = Z = z,,c4ia, Would satisfy the above
condition.

The same reasoning suggests that when /' is skewed, the optimal threshold will also be skewed
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Figure 4: z* When Mean>Median

relative to the mean in the same direction. This can be easily proved, as follows. Consider the case
of a right skewed distribution where zZ > z,,c4ian- Let My (.) and My (.) denote functions equal
to the conditional average of quality of sellers below and above any value within the range of
qualities, respectively. Furthermore, denote g (z) = 3 (M, (z) + My (z)). Following Proposition
5, the optimal threshold is a fixed point of this function. When 2z — z,,,4, (or as z — oo in the case
of unbounded support), g (z) — %Z + %z < z,and when z — z,,;,(or as z — —o0 in the case of
unbounded support), g (z) — %me + %Z > z. For 2 = Zpedian, 9 (2) = Z > z. Since the function
g (z) is increasing and continuous, the unique fixed point z* must be to the right of 2,,cq4iqn and,
as a consequence, z* > Zz, as illustrated in Figure 4. The result for the case of left skewness can be
shown similarly.

Table 1 shows the optimal threshold for a series of distributions, as well as the corresponding
fraction of certified sellers. All distributions in our example are skewed to the right except for one,
so according to our argument, z* > Z > Z,04ian and it is optimal to have a smaller share of sellers
certified. This is shown in the fifth column of Table 1. As an example, for the Pareto distributions
only a small fraction should get certified, 5% when the power parameter is 3 and 9% when the
power parameter is 4! For the exponential distribution, only 20% of sellers should be certified
regardless of the hazard rate.

Now, we extend our findings to the case of multiple signals under a stronger skewness order.

This skewness order, the convex (concave) order, was originally proposed by Van Zwet (1964).

IWhen a < 2, the value of z* is undefined, as total surplus is strictly increasing in z* in all the support.

29



Definition. Distribution F is more skewed to the right than F' if F'~' (F (z)) is convex; equiva-

lently, there exists an increasing convex function g () such that F (g (z)) = F (x).??

We can think of this ordering as stretching to the right the quality scale with the transformation

g (z). As an example, if F is a uniform distribution in [0, 1] and ¢ (z) = 2, then F (2?) = z or,

equivalently, F (z) = z'/2.

Proposition 8. Suppose the supply function is linear. Let I be a distribution with log-concave density
and F' a distribution such that I (g (z)) = F (z), where g is a strictly convex increasing function.
Let {1},} be the optimal thresholds for F and {g ()} the optimal thresholds for F. Then z, > I, for
all k.

This proposition implies that for all k, ' (g (z)) = F (z) > F (I3,), so the percentiles defined
by the two optimal thresholds are ordered. In particular, for a two-tier certification rating, the
share of certified firms should be lower for distribution £'. An example is given in Table 1 for the
case of power distributions F' (z) = z®. It is easily shown that the distribution with & = 0.5 is
more skewed to the right than the one with o = 2. Consistently with the previous proposition,

the share of certified sellers is lower when o = 0.5.

5 Further Characterizations and Extensions

This section provides some additional results and extensions. Section 5.1 considers non-linear sup-
ply functions. Section 5.2 considers the optimal ratings for consumers and producers, highlighting
the conflicting interests of the two groups. Section 5.3 considers the case of vertical differentia-
tion, where buyers differ in their preference for quality, and the matching between goods’ quality
and consumer’s type becomes important. Section 5.4 establishes the equivalence between Cournot

competition and the case of linear supply. Finally, Section 5.5 considers the role of entry.

22Note that this definition implies that F =1 (F (x)) = g~ (2) is concave.
BTake g (z) = o,
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5.1 Non-linear Supply Functions

In this section, we generalize our results in Section 4.1 to the case of a non-linear supply function.
The role of curvature can be conveniently illustrated comparing the two polar cases of perfectly
inelastic and perfectly elastic supply. When supply is perfectly inelastic (i.e., producers can produce
either zero or one unit or equally face a constant marginal cost up to a fixed capacity), quality
ratings cannot reallocate output to higher-quality producers, except in the extreme case where
there is no production in the absence of information. However, ratings can potentially serve to
filter out the very low-quality producers that no consumer would buy from at a positive price, so
the optimal threshold will be at this low end. At the other extreme, when all firms face a constant
marginal cost, only the highest-quality firm should serve the market, so the optimal threshold
would be at the other end. More generally, the following lemma and proposition show that the
optimal thresholds in the case of a convex (resp. concave) supply function are pointwise higher
(resp. lower) than those in the linear case. As an example, in the case of a simple certification
rating with two groups, more elastic supply leads to a higher threshold and lower share of certified

sellers, as illustrated in the following lemma.

Lemma 3. If the supply function is concave (resp. convex), then zj is lower (resp. higher) than

(Mg + Mi41) /2.

While the second part of this lemma gives the criteria for local deviations for a single threshold,
convex to the right and concave to the left, starting at those obtained for the linear case, it does not
imply an ordering of the whole vector of thresholds. The following proposition gives the conditions

for the total ordering.

Proposition 9. Suppose the quality distribution F' (z) has a log-concave density. Let (ZIL, s zﬁ,_l)
be the optimal thresholds for the linear case. The optimal vector of thresholds (21, ...,zn_1) for a

convex (resp. concave) supply function is pointwise higher (resp. lower) than (zlL eees z]val) :

The formula in Equation (7) gives a simple characterization for the optimal thresholds in the lin-
ear supply case that depends only on the distribution of qualities, and, by the previous proposition,

provides a lower (resp. upper) bound when the supply function is convex (resp. concave). Thus,
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the problem of finding the optimal thresholds becomes a manageable task, as one can start with
the simple solution of optimal thresholds in the linear case and then change them in the mentioned

direction when dealing with non-linear supply functions.

5.2 Consumer and Producer Surplus

We have focused on total surplus as the objective function. However, it is easy to show that at the
optimal thresholds, there is generically a conflict of interest between consumers and producers, and
that the optimal choice balances off these conflicting interests. The difference lies in the general
equilibrium effect: consumers’ surplus increases with total output, while profits decrease. These
two opposing effects balance each other exactly at the optimal thresholds. In which direction would
consumers like the threshold to move? In particular, would consumers prefer stricter or less strict
criteria for certification? The answer depends again on the properties of the supply function.

In the case of concave supply, total output decreases with information, so the optimal thresholds
are at the extremes of the distribution. When supply is linear, total quantity is independent of the
amount of information (see Proposition 1), so consumer surplus is the same for any threshold.
This implies that the optimal threshold is also the one that maximizes profits. More generally,
total output will vary as the thresholds change depending on the properties of the supply function.
The following proposition provides sufficient conditions that determine the direction of change
of output (and consumer surplus) at the optimal thresholds. The direction of change of producer

surplus has the opposite sign.

Proposition 10. Let z = (2, ..., zy_1) be the thresholds that maximize total surplus. If s" (p) /s (p)
is decreasing (resp. increasing) in p, then dQ) (z) /dzy, and dC'S (z) /dz are negative (resp. positive)

at z.

To illustrate the above results, consider a simple example. Suppose the supply function s (p) =
p? (cost function ¢ (q) = ¢**%/ (1 +0)). Therefore, s” (p) /' (p) = (0 — 1) /p. For § > 1, this
expression is decreasing in p. Applying the corollary, this decreasing condition implies that starting
at the surplus maximizing thresholds, consumers would prefer lower thresholds, while producers

would prefer higher ones. Therefore, if the planner puts more weight on the consumer side, it
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should lower thresholds, and if it puts more weight on the sellers, it should increase the thresholds.
The reverse occurs when 6 < 1.

Note that the results in Proposition 10 are consistent with Corollary 3 if we compare the implied
directions of preferences with the order of pooling and separating regions. For example, Corollary
3 finds that when s”(p) /s’ (p) is decreasing, consumers prefer lower thresholds, so there is a larger
pooling region in the higher-quality segment. In comparison, for the same case, Corollary 3 shows
that the information structure that maximizes consumer surplus has full separation below some

threshold and pooling above.

5.3 Heterogeneous Preference for Quality

In this extension, we consider a demand system where agents have heterogeneous preference for
quality, and firms have inelastic supply. While by construction, improvements in information do
not increase total quantity, they contribute to welfare by increasing the correlation between aver-
age firm quality and consumer preference for quality. The optimal threshold is defined by a slightly
modified formula that weighs differences in the firms’ quality gap in each interval by the respec-
tive gap in consumers’ preferences. As a result, skewness in consumers’ preferences for quality
has similar implications to the ones observed for skewness in producers’ quality.

We examine briefly the determination of optimal thresholds when consumers differ in their
preferences for quality for the case of certification, i.e., N = 2. Suppose consumers’ preferences
are given by the utility function ©v = 0z 4 0y — p for a good of quality z, a la Mussa and Rosen
(1978). Consumers differ in their preference for quality ¢ and for the value they assign the inside
vs. outside good 6y, which is distributed in the population according to some joint distribution
U (0, 0y). As earlier, firm qualities z are distributed according to the cdf F' (z) . For simplicity, we
restrict our analysis to a partition of sellers into two groups defined by threshold z* with qualities z;,
and zy, respectively. Given prices p;, and py, consumers will be split into three groups: those that
do not consume and those that consume either the H or L product, with demands Dy (pr., py) and
Dy (pr,pn), respectively. Prices p;, and py will be equilibrium prices provided that Dy (pr,, py) =

(1—F(2")q(py) and Dy (pr,py) = F (2*)q(pr). As in our previous case, there is a unique
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equilibrium under fairly general conditions.

Lemma 4. The optimal choice of threshold z* satisfies the following first-order necessary condition:

M (py) =1 (pr) = (2" —2z1)0rqr + (25 — 27) Onqn, (10)

where 01, is the average preference for quality of consumers who purchase the L product, and 0y of

those who purchase the H product.

This formula has an intuitive explanation. The first term is the loss of profits of those firms
that transition from the A to the L group, when z* is marginally increasing. The second term
measures the effect of the increase in the averages z;, and zy as z* is increased, valued at the quality

preference of the average consumer in each group, and weighted by their respective market sizes.

Vertical Differentiation with Inelastic Supply

To establish further results, we consider the canonical model of vertical differentiation where con-
sumers differ only in their preference for quality # and where firms supply inelastically one unit of

output.*

Given equilibrium prices py, and py, all consumers above a threshold 8* buy an H product,
while all those between 6 and 6* buy an L product, where 6z, = p;, and 0* (zy — 21) = py — pL-

Substituting in Equation (10) gives the condition

(Z* - ZL) (9* — GL) = (ZH — Z*) (0]-[ — 9*) .

Notice that this equation is a modified version of Equation (15), where the gaps between z* and
the respective means are weighted by the corresponding preference gaps. This equation highlights
the role of the complementarities between average quality and preference for quality in the deter-
mination of the optimal threshold. In particular, when both distributions are symmetric, this also

implies that the optimal threshold z* (and also 6*) will equal the corresponding mean. Moreover,

24This case can be reinterpreted as a one-to-one matching environment with surplus function 6.
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when z and 0 have the same distribution, the optimal threshold is also given by our baseline con-
dition, as given in Equation (15).?> As an example, if both have uniform distributions, then when

0* = z* = 1/2, this condition will hold.

5.4 Cournot Competition

Throughout the paper, we have assumed that the firms are price takers. In this section, we extend
our analysis to the case of Cournot competition among firms with constant marginal cost. There
is a total of n firms (per consumer), and given threshold z*, a fraction F' (2*) in the first group and
(1 — F'(z*)) in the second. The demand structure is the same as in the competitive case considered
above. Assume firms face a constant marginal cost c regardless of their type. The equilibrium

conditions are

MRy = P (Q)an+P(Q)+z2m=c (11)
MR, = P (Q)q+P(Q)+z =c (12)

Multiplying each equation by the number of firms in the respective group and adding up, we get

P (Q)Q +nP(Q)+nz = nc,

where Z is the mean quality for the n firms. Interestingly, this equation determines () independently
of the signal threshold z*, as in the case of perfect competition with linear supply.

Another implication of the invariance of total output is that consumer surplus does not change,
as in the case of linear supply with 2z*. This fact occurs because price increases capture exactly the
change in average quality in each group. It follows that optimal thresholds solve the maximization

problem (5), so they are identical to those obtained above for the linear case. *°

BTt is interesting to note that when all consumers have the same preference for quality and supply is inelastic,
welfare is independent of z*, as the average product quality is not affected by its choice.

%We have considered here quantity competition. For a model of price competition with partially informed con-
sumers, see Moscarini and Ottaviani (2001).
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5.5 Entry

In our previous analysis we did not consider explicitly the effect of changes in 2* on entry. Many
of our results extend to settings where the distribution of qualities of firms is not affected by entry.
We discuss here two scenarios: one where entrants are ex ante differentiated and one where they
are ex ante homogeneous.

Consider first the case of differentiated entrants. Our analysis extends without modification
to the following scenario. Suppose there is a mass 7 of entrants that are differentiated in qual-
ities z and fixed (or entry) costs f. Assume qualities are independent from fixed costs and are
given by distribution £’ and ®, respectively. For a given threshold partition 2*, we can define the
aggregate supply functions Sy, and Sy as follows. Let Sy (p) = s(p) Nu (p), where Ny (p) =
n(l— F(2*))® (7 (p)). This supply function combines the effect of prices on the intensive and
extensive margin. We can define similarly Sy, (p) . Our analysis remains unchanged if we substi-
tute s (p) by s(p) = s(p)n® (f (p)), so total supplies are S;, (p) = F (z*) 5(p) and Sy (p) =
S(p) (1 F (=) 7

For the homogeneous case, assume there is a set N of potential entrants that draw their qualities
independently from distribution F' upon entry, after paying an entry cost f, which is distributed
according to cdf @ (f) . For fixed output, improved information results in a mean preserving spread
of expected qualities and thus prices. Given that profit functions are convex in prices, this results
in an increase in expected profits and a consequent increase in entry. In the case of linear supply,
where in the absence of entry, total output does not change, additional entry results in an increase
in total output and thus consumer surplus. In the case of concave supply, we have seen that total
output decreases. This increases profits over what is produced by the mean preserving spread of
average qualities, thus inducing entry, mitigating, if not totally undoing, the drop in total output
that would result in the absence of entry. Finally, note that if all potential entrants were to have
the same entry cost, all surplus gains from improved information would accrue to consumers, as

expected, and average profits would remain unchanged. The above results apply in particular to

"The properties of these modified supply functions will now depend both on the individual supply functions and
the distribution of fixed costs. There exist assumptions on the latter that will guarantee that the modified supply
functions are linear, convex, or concave when each of these properties holds for the original supply functions.
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the effect of introducing a certification mechanism in a market where there is none.

6 Final Remarks

This paper considered the optimal design of quality ratings in markets with adverse selection. We
first study the problem of optimal rating design for a planner with a flexible objective function.
We find that better information has opposing welfare effects on consumers and producers that
could lead to limited disclosure. For example, in regions where the supply function is concave,
pooling can mitigate the reduction in output from improved information and its negative impact
on consumer surplus. Where the supply function is convex, pooling decreases total output and
increases prices, which might have a positive impact on producers. For those cases where full
information is not optimal, we find that the region of pooling increases with the asymmetry in the
weights of the two groups in the objective function of the planner.

Ratings reallocate demand across producers, impacting not only the average quality of goods
consumed but also average cost. The optimal thresholds in a discrete rating system optimize this
trade-off. Optimal ratings thus depend on the characteristics of the market, given by the distribu-
tion of producers’ quality, the elasticity of supply, and consumers’ preferences. We find that the
optimal thresholds in the case of a convex (resp. concave) supply function are pointwise higher
(resp. lower) than those in the linear case. Intuitively, in the case of a simple certification rating
with two groups, more elastic supply leads to a higher threshold and lower share of certified sellers.
We also find that skewness in the distribution of firm qualities matters for optimal ratings, which
move in the direction of the skew.

We have given a simple characterization for the optimal thresholds in the case of linear sup-
ply, or Cournot competition with constant marginal cost, as the solution to standard clustering
problems. Our results thus provide a straightforward and easy-to-compute method for the design
of rating systems. This method is used to derive bounds on the performance of the rating system
as a function of the number of categories. We first theoretically show that a simple certification
mechanism, or a two-tier rating, is enough to reach half of the benefits of the best rating mecha-

nism in case of log-concave densities. As an example, we find that for the exponential family of
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distributions, 65% of the surplus gains from full information can be achieved with only two cate-
gories. The large gains in surplus with a very simple threshold mechanism suggest that the added
cost of a more complex one might not be compensated by the gains from it. This could explain the
popularity of these simple schemes among market designers.

Our preliminary analysis of the vertical differentiation model suggests that preferences for qual-
ity can be an important factor in determining optimal thresholds. One might conjecture that, in
parallel to our results on the supply side, more convexity (resp. concavity) in the distribution of
consumer types increases (resp. decreases) the gains from more assortative matching, thus leading
to higher thresholds. This question and further extensions on the demand side, such as including
scope for horizontal differentiation, are subject for future research. Other extensions worth consid-
ering are a more detailed modeling of entry, following results obtained in the empirical literature
by Hui et al. (2021). Finally, we have abstracted from moral hazard considerations, which can be
important in some settings; exploring their impact on the design of optimal ratings is left to future

research.
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7 Appendix. Proofs

Proof of Proposition 1

Proof. Suppose the supply function S (p) is convex and, by way of contradiction, @); < 2. Let
p1(z) = P(Q1) + z denote the equilibrium price for a good of expected quality z, and define
similarly po (z) . It follows immediately that p; (z) > ps (2), since P is strictly decreasing. Let G,
and (3 denote the distribution of expected qualities under signal structures ¢; and ¢, respectively.

By definition of integral precision, it follows that (G; second order stochastically dominates G2, so

@ = [S0n()d61 () = S (122G ()
> [ 52262 (2) = @a
where the second inequality follows from convexity of S (p) . The above contradicts the original
hypothesis, proving that ()1 > (2. The proof is similar for concave S (p).
To show that total surplus increases with better information, we show that there exists a cor-

respondence between competitive equilibria and allocations that maximize total surplus. Given a

distribution of mean qualities G (z), the problem of maximizing total surplus solves

Q
S = max/o P (z)dx + / [2q (2) — C(q(2))]dG (2)

q(2)

subject to

= [a2)d6 ).
The first order conditions for the choice of ¢ (z) are

z2—=C"(q(z))+2=0 (13)

and this holds for all points in the support of G, where the Lagrange multiplier of the constraint
A = P(Q). Substituting in (13) and letting p (z) = P (Q) + z implies p (z) = C’(q(z)), which

is the condition defining the profit maximizing output ¢ (z) in the competitive equilibrium. Hence
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the allocation ¢ (z) and the prices p (2) are the ones that correspond to the unique competitive
equilibrium.

Consider now a distribution of expected qualities G corresponding to a better information sys-
tem than G so it is a mean-preserving spread of (. Following the characterization in Rothschild
and Stiglitz (1970), there exists a garbling of signals that generates G from G. This means that a
social planner could ignore the additional information contained in G’ and reproduce the quantity-
weighted distribution of average qualities corresponding to the optimal allocation under G and
thus the same value. While this allocation is feasible under G, it is not optimal. This follows from
the easily verified property that the unique competitive equilibrium (which as argued is also the

optimal allocation) differs across these two information structures. O

Proof of Proposition 3

Proof. Following the first condition given in Proposition 3 part (i) in Kolotilin (2018), full disclosure
up to some threshold z* and complete pooling above is optimal when V" (2) changes sign from

positive to negative. Note that /" (z) has the same sign as

V// (Z)

™ (2)

Sl/ (Z)
™ (2)

=1=-7)+A

So when either of the two first conditions given in the proposition holds, then V" (z) can be always
positive, always negative, or switch sign from positive to negative. If it is always positive, full
disclosure is optimal, and if it is always negative, no disclosure is optimal. In these two cases z* is
at an extreme. When V" (2) changes sign, z* is an interior point. In this case, there is an interval
with full disclosure followed by no disclosure.

The proof of the second part is analogous to the first one, using instead the second condition

in Proposition 3 part (i) in Kolotilin (2018). ]

Proof of Proposition 4

To prove this proposition, we first need to state the following two lemmas.
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Lemma5. 1)Let () (2) be the equilibrium output for an upper interval disclosure policy with threshold
z. Let my, (z) denote the conditional mean below z (the pooling interval), p;, = P (Q (z) + m) and
p=P(Q(2)+ z). Then )’ (2) has the same sign as

S’ (pL) (p —PL) —(S(p) =8 (PL)) .

2) Let () (z) be the equilibrium output for a lower interval disclosure policy with threshold z.
Let my (z) denote the conditional mean above z (the pooling interval), py = P (Q (z) + my) and

p=P(Q(2)+ 2). Then )’ (2) has the same sign as

S (pu) (pr —p) = (S (pr) — 5 ().

Proof. Consider the upper interval disclosure with threshold z. Equilibrium output @ (z) is the

solution to

Q)= F(2)S(P(Q(2) +my (Z))+/S(P(Q (2)) + 8)dF (s).

z

where my, (2) is the conditional mean below the threshold z (the pooling interval). Differentiating

with respect to z,

S"(P(Q(2)) +my (2) (2 = my (2)) — (S(P(Q(2)) +2) = S(P(Q(2)) +my (2))

CE =IO 50 (F(2) 5 (P Q) +me (=) + [.5 (PO () +5)dF (5))

The denominator is positive, so the sign of @)’ (2) is equal to the sign of the numerator:

S'(P(Q(2) +me(2) (2 =my (2)) = (S(P(Q(2)) +2) = S (P(Q(2)) +mw(2))) .

The proof of the second part follows similar calculations. [
The following lemma gives the conditions that determine the sign of the above expressions.

Lemma 6. Consider an optimal disclosure policy that is given by a threshold with pooling on one side

of the threshold (above or below) and complete separation on the other side. Then a marginal increase

44



in the pooling region will increase total output (resp. decrease total output) when~y > 1/2 (resp. when

v < 1/2).

Proof. Consider first the case where z corresponds to the threshold of a lower disclosure inter-
val. Let my (z) denote the mean above z (the pooling interval), py = P (Q (2) + my) and p =
P (Q (2) + z) . Following Kolotilin (2018), V (mpy (2)) — V (2) — (mp (2) — 2) V' (mp (2)) = 0.
Since V (s) =7 (P (Q (2)) +s)+AS (P (Q (2)) + s) and the first term is convex, for this equality

to hold it is necessary that

AS(P(Q(2) +mu (2)) = S (P(Q(2) + 2)] > AM(ma (2) = 2) ' (P (Q(2)) + mu (2))].

For vy > 1/2, A > 0, so this implies that S (pg) — S (p) > (pg — p) S’ (pu) , and by Lemma 5, it
follows that ' (z) < 0. An increase in the pooling region corresponds to a decrease in z, so total
output increases. The reverse is obviously true when v < 1/2.

Consider now the case where 2z corresponds to the threshold of an upper disclosure inter-
val. Let my, (z) denote the mean above z (the pooling interval), p;, = P (Q (z) + my) and p =
P (Q (2) + z) . Following Kolotilin (2018), V' (2) — V (mr (2)) — (z —=myg (2)) V' (m (2)) = 0.
Since V (s) =7 (P (Q (2)) +s)+AS (P (Q (2)) + s) and the first term is convex, for the equality

to hold it is necessary that

AS(P(Q(2) +mu (2)) = S (P(Q(2) + 2)] < AM(ma (2) = 2) ' (P (Q(2)) + mu (2))].

For v > 1/2, A > 0, so this implies that S (pg) — S (p) < (py —p) S’ (pu), and by Lemma 5, it
follows that Q' (z) > 0. An increase in the pooling region corresponds to an increase in z, so total

output increases. The reverse is obviously true when v < 1/2. O
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Proof of Proposition 4

Proof. Consider first the setting where the optimal policy is a left disclosure interval, as in Propo-

sition 3.

W(ny) = (1—7) UOZW(P(Q(Z))+s)dF(s)+(1—F(Z))W(P(Q(Z)Hmz{)
Q(z)
oy / (h—P(Q(2))) d=

where @) (z) is the equilibrium output under this policy.

ow

5, = = f @) @) —a(mm) + (L =) f(2) (ma = 2) 7 (ma) + (1 = 27) Q (2) P1(Q (2)) Q' (2)

Taking derivative with respect to -,

82W / / /
gy — ~J@IEE —mma) + (e =) (ma)] - 2Q () P'(Q () Q' (2)
— (1 - ’7) / 2 (1 B '7) / /
= T @) = ma) + (mag = 2) 7 )] = T PQE) P Q)@ (2)

1 / /
— O_EQ(Z)P (Q(2) @ (2) .

When v > 1/2, Lemma 6 implies that Q' (2) < 0, so the cross partial is negative and the pooling
region increases with 7. When v < 1/2, Q' (2) > 0, so the cross partial is positive and the pooling
region decreases with .

Consider next the case where the optimal policy is a right disclosure interval, as in Proposition

Wiz7) = (1-7) {F(Z)W(P(Q(Z)HmL)+/7T(P(Q(Z))+8)dF(8)

z

Q(z)
T / (- P(Q(2)d.
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where @) (z) is the equilibrium output under this policy.

O A=) =7 () + (1= f () (e = ma) 7 () + (120 Q () P QN (2)

Taking derivative with respect to ,

oPwW
0z0v

= —f(2)[(r(mr) —7(2)) = (z =mp) 7 (mr)] + —2Q (2) P (Q (2)) Q' (2)
1 / /
= —EQ(Z')P (Q(2) Q" (2).

When v > 1/2, 6 implies that Q' (z) > 0, so the cross partial is positive and the pooling region
increases with 7. When vy < 1/2, Q' (z) < 0, so the cross partial is negative and the pooling region

decreases with ~. ]

Proof of Corollary 1

Proof. Consider a partition of the set of sellers into sets S, ..., Sn. Suppose there are two sets
Sk, Sk+1 that are not totally ordered in quality with means My, < M}, and mass G, and Gj1. By
reordering elements of these two sets, one can substitute Sy and S, with two new disjoint sets
Sy, and S}, of equal measures to the original ones, where Sy, U Sy = S, U S, and S}, < S},
element-wise. By construction, M;, < M;, < M, < M, and G\ M, + G} M ., = Gi.M;, +
Gri1Mp11. This corresponds to a mean preserving spread of the original distribution of means

and thus gives higher surplus. [

Proof of Lemma 2

To totally differentiate Equation (5) with respect to zi, first note that by the envelope condition,
we can ignore the effect on the output choices ¢, ..., gv. In particular, this implies that 9Q /0z;, =

f (zx) (qk — qr+1) - Since My, = f;:_l 2dF (z) | (F (z) — F (2-1)) , it follows that

(9 (F (Zk) — F (Zk—l)) Mk
8Zk;

() o, O (F (zr41) 525 (%)) My = f ()
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The result now follows by totally differentiating (5) and setting it equal to zero.

Proof of Proposition 5

To prove this proposition we need an intermediate step, which is proven using the following lemma.

Lemma 7. The optimal thresholds satisfy the following condition:

Pr+1
2 — My, My — 2k o S(p)dp
—S(pg) + ————s(p = (14)
M1 — M, ( k) M1 — M, ( Hl) Pk+1 — Pk

where M), and My, are the conditional mean qualities for the two groups, and pj, and pyi1 the

equilibrium prices.

Proof. First note that

(P(Q) +2x) (qh+1 —ax) = (P(Q) + Mypr — Myt1 + 2) @
- (P(Q) + My — My + ) qx

= Det1Thr1 — Pk — (Mps1 — 21) Qe — (21 — My) -

Substituting in (6) and rearranging gives

(M1 — 2k) Qi1 + (26 — My) g = Tp1 — T

Equation (14) follows by substituting 7,1 — 7, = pik“ s (p) dp, using qx4+1 = S (prs1) and qx =

s (px), and dividing through the left hand side by (M., — Mj) and the right hand side by the

equivalent value py1 — px. ]

We use the expression found in Lemma 7. Equation (14) equates the expected value of s (p)
under two lotteries. The left hand side lottery has weights « = (2, — M}) / (My41 — My,) on price

pr and (1 — «) on price pi.1. The second lottery is uniform between these two extreme prices.
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When s is linear, it must be the case that « = 1/2 and this implies that
2k — My = My — 2. (15)

When s is convex, & > 1/2 so z;, — My, > My1 — 2y, so the optimal threshold is above the one

defined by equation (15), while the reverse occurs when s is concave. This concludes the proof.

Proof of Proposition 6

Without loss of generality let S (p) = p, so the cost function ¢ (q) = %qQ. Consider now the

objective function (5) for this case:

Q N

W(z) = /0 P(z)dz+> [F(z%) = F (z-1)] [Mk (P + My) — % ((P+ M)?)| (16)
Q N

= /0 P(z)dz+ Y [F(z%) — F (z-1)] BM,? — %PQ] : (17)

After suppressing the terms that are unaffected by the partition, maximizing this expression is

equivalent to maximizing

> I (2) = F (ze1)] (M — 2)° (18)

N
k=1

where z = Zszl [F' (2x) — F (25—1)] My, is the mean firm quality, which is independent of the
partition. The above expression is the variance between partitions. Since total variance is fixed,

maximizing (18) is equivalent to minimizing (7). Uniqueness of the thresholds is guaranteed when

the distribution has log-concave density, as shown in Mease and Nair (2006).
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Proof of Proposition 7.

Proof. Let M, and M, be the conditional mean of z below and above the mean Zz, respectively. By

the variance decomposition,

l/@—xfﬂﬂ@ _ /%@_“%de@%ﬁl@_“%de@)

2

= F(3) (v} +1) (M — 2)* + (1= F (3)) (v +1) (M — 5)°

< (max{cvf, e} +1) (F(2) (M = 2)"+ (1= F(2) (0 - 2)°).

where the second equality follows from

and similarly for cvy. From the above inequality,

F@NMrdf+ﬂ—F@»M@—@> 1
[ (= —272dF () ~ 1+ max {cv?, cv?}’

This gain corresponds to setting z* = Zz, so it is a lower bound to the gains under the optimal

threshold. ]

Proof of Proposition 8.

To prove this proposition, we first need to show the following lemma.

Lemma 8. Let g(21),...,q(2n_1) be the optimal thresholds for F. Let M}, = m(zp—1,2k) =

Er (Zk,1 <z< Zk>. Then z, — M}, > Mk+1 — Zk.

Proof. Let My = Ep (g (2:-1) < 2 < g(2)). Note that by strict convexity of g, Mj, > g (M) . It

follows that
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z—M, > Zk—g_l (Mk)

> Mk+1 — Zk.

]

To prove the proposition, let the vector {l} be the optimal thresholds for F and {z;} the op-
timal thresholds for . Equation (21) follows from the necessary condition for optimal thresholds,

and (23) follows from the previous lemma.

Proof of Proposition 9

We use the following properties of distributions with log-concave densities (see Lemma 1 in Mease

and Nair (2006)):

E (z|s < z < s+ d) — s is decreasing in s for d > 0 and (19)

s —E(z|s —d < z < s) is increasing in s for d > 0, (20)

and these properties are preserved when conditioning on intervals.

Lemma 9. Suppose F' is a distribution with log-concave density and letm (a,b) = Ep (zla < z < b).

Suppose the vector of thresholds {lk}fcvz_ll satisfies

b —m (L—1, l) = m (lg, L) — Ui (21)

and let z1, ..., zy_1 be a vector such that

2k —m (251, 2K) > m (2, 2k1) — 2k- (22)
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Then z, > I, for all k.

To prove Lemma 9 we use first the following:

Claim. Under the assumptions of Lemma 9, suppose that for some k, z;, < [ and 241 — 2 >

lk+1 — lk Then Z—1 < lk—l and 2y — Zh_1 = lk — lk—l-

Proof. Note that

2k —m(z_1,2K) > m(2k, 2ke1) — 2k (23)

v

m (2k, 2k + U1 — L) — 2k

Vv

m (lg, le1) — U

lk —m (lk—h lk) .

The first inequality follows from (22), the second one from monotonicity of m,the third from (19),
and the last from (21). Now consider £ — 1. We will show that z,, — z;,_1 > I, — l_1.

Suppose, by way of contradiction, that 2 — 251 < I — ly_1. Then

IN

2 —Mm (Zkfla Zk) lp—m (lk - (Zk - qu) ) lk)

< U —m (=1, )

where the first inequality follows from condition (20) and the second one from the monotonicity
of m. This inequality contradicts (23), proving that 2 — 21 > I — ;1. Given that z; < [, this

also guarantees that z;,_1 < [;_;. ]

We now prove Lemma 9. Let h denote the highest k for which z;, < l;. By the definition of A,
Zh+1 — 2n > lpy1 — U, Using inductively the previous claim, it follows that the same is true for all
k=1,...,h.For k = 1, the claim would imply that zy < [y, which cannot be true if the distribution
had a lower bound, since in that case both 2 and [y should equal this lower bound. For unbounded
support, an argument similar to the one used in the claim can be used to generate a contradiction.

This completes the proof.
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Proof of Proposition 9.

Let {l;} denote the optimal thresholds for the linear supply function and {z; } those for the convex

supply function. Lemma 3 and Equations (21) and (23) hold, so Lemma 9 proves the proposition.

Proof of Proposition 10

To prove this proposition, we need to show the following lemma first:

Lemma 10. The term dQ) (z) /dzy has the same sign as

Zk—Mk

s Mk+1 — 2k p[;k+1 S/ (p) dp
Mk+1 - Mk

/
Pk)+ 5 —
( k) M1 — M, ( kH) Pk+1 — Pk

(24)

Proof. Total output is

Q=) (F(z)~F(z-1))s(m)

k=1

where p, = P (Q) + M. Differentiating with respect to z; and using

(F (o) = F o)) ot = f (a0 (a0 = M)
(F (zr41) — F (21)) 3];24:1 = f(2) (Mgs1 — 21)

g_i = f(2)(s(pr) — s (Pr41))
f(

2) [8" (o) (My — 21.) + 8" (Prg1) (Mya — 2)]
0Q

(‘9zk’

WE

(F (z) — F (21-1)) s" (pr) P"(Q)

ol

=1

we get

0Q _ f(z) s (pr) = 8 (Pr1) + 8" (pr) (My — 2) + 8" (Pre1) (M1 — Zk)]
Oz L= il (F (20) = F (2-1)) ¢ (00) P (Q)
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The denominator is positive since s’ (py) > 0 and P’ (Q)) < 0, so Q) /0z has the same sign as

s (k) — S (Prs1) + 8" (k) My — 21) + 5" (Pr1) (M1 — 2)

and since s (pg) — S (Pry1) = — pi’““ s’ (p) dp and py+1 — pr, = My.1 — My, Equation (24) follows.
O]

Proof of Proposition 10

Letting o (2y,) = %, we can rewrite Equation (14) as

PE+1
s(p) — s (px) dp
s (pr) + a (1) (s (prs1) — s (pr)) = 5 (px) + = 7
Pk+1 — Pk
SO
Pr+1 _ s(p)—s(pr) D
o (Zk) _ P s(Pr+1)—s(pk) ‘ (25)

Pr+1 — Pk
To evaluate d(@)/dz, at the optimal thresholds 21, ..., z;, we rewrite Equation (24) in a similar

fashion using the expression for « (z;) given by Equation (25).

Prk+1 / /
) / , (s (p) =  (pw) dp
— = a(z) (s (pry1) — " (pr)) —
dor (zr) (8" (Prs1) — 8" () R
Pr+1 5(p)—5(Pr) (' (Pr+1)—5'(Pr)) Pk+1 [ ./ /
Pk 5(pk+1)_:(;k) dp — P (s"(p) — 8" (px)) dp

9

Pk+1 — Pk

so a sufficient condition for d@)/dz, to be positive (negative) is that

(s (p) = s (px)) (8" (Pr41) — 8" (pr)
s (Pr+1) — s ()

—(s'(p) = 5" (pr)) > 0(<0),

or, equivalently,
s’ (pr+1) — " (pr) _ s' (p) — s (px)
o) —sr) s —sow 00 o)
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A sufficient condition for this equation to hold is that

s'(p) — s (px)

s (p) — s (px) o

increasing (resp. decreasing) in p (for all p > py). The derivative of (27) with respect to p has the

sign of

s" (p) (s (p) = s (px)) — 5" (p) (5" (p) — " ()
=) [ S @)de =5 () [ @)

Pr Pk

which in turn has the sign of

() o (i%(af))) s' () dw

S [T @

The second term is a weighted average of the coefficient of absolute risk aversion of s for values

between py and p. So, if s” () /s’ (x) is increasing (resp. decreasing) in x, then this difference will

be positive (resp. negative).

Proof of Lemma 4

Let

UQu,Qr,z") = Amax/A u(@,zL(z*))d\I/(Q)+/ u (0, zy (27)) dV () (28)

LAl Ay

subject to/ av (0) = QLand/ av (0) = Qu.
Ap A

H

Given this problem, we can write the general problem as

V(") = max U (quF (%) qu (1 = F(27)),27) = F/(2") e(qr) — (1 = F(2%)) ¢ (qu) -

qL,9H
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By the envelope theorem,

oV (z* oU oU oU
aif ) = TQLQLJC (2%) — aQ—HC]Hf (z") + py (29)

f (&) elan) + (%) clgn) -

The first two derivatives are the respective multipliers p; and py of the constraints in (28). To

evaluate the last term, first we note that

8ZL

z2* — zp (2%)

and

Ozg o o2m (2%) — 2

o f(z )T(Z*)- (31)
Also,

(9U . (9zL
0z B ([91,90)6AL eldG) (82*) (32)
+ (/ HldG) (aZH)

(91,90)6AH aZ*

Finally, note that the measure of the set Ay is Q1 = g F (2*), and the measure of the set Ay is

Qn = qu (1 — F (2*)) . Dividing and multiplying (32) by these respective measures and substitut-
ing (30) and (31), we get

oU
0z*

= f(z")(z"—z1) E(61] (00,01) €AL) qr (33)
+ f(2") (zg — 2") E (61] (00,01) €An) qn.

Substituting (33) in (29) we obtain

[; (12*) SZ = pqr —c(qz) — [Paqu — c(qm)]

+ (Z* — ZL) FE (01| (00, 01) GAL) qr,
+ (ZH — Z*> FE (‘91| (60, 91) GAH> qy -
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Noting that the multipliers p;, and py are also the equilibrium prices, we can rewrite the first order

condition for the optimal z* as

I (pr) = (pr) = (2" —2z1) E (1] (60, 01) €AL) g1 (34)
+ (ZH — Z*) E((91’ (60,91) EAH> qH-
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