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Synthetic Control Method

“Arguably the most important innovation in the policy evaluation
literature in the last 15 years.”

— Athey & Imbens (2017, JEP)

“Seriously, here’s one amazing math trick to learn what can’t be
known.”

— The Washington Post
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Introduction

Pioneered by Abadie & Gardeazabal (2003, AER), the synthetic
control (SC) method offers a way to study the causal effect of a
treatment on a single or a few units.
Popular in comparative case studies:

• German reunification (Abadie, Diamond & Hainmueller, 2015,
AJPS).

• California tobacco control program (Abadie, Diamond &
Hainmueller, 2010, JASA).

• Economic liberalization (Cattaneo, Feng, Palomba & Titiunik,
2023).
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Single Treated Unit
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• Idea: use a weighted average of control units to predict the
counterfactual outcome that the treated unit would have
experienced without treatment.
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Multiple Treated Units
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• Simultaneous or staggered adoption.
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Basic Setup
Let’s focus on the canonical single treated unit case.
Suppose we have an 𝑁 × 𝑇 panel data, where the observed
outcome 𝑌𝑖𝑡 for 𝑖 = 1, ..., 𝑁 and 𝑡 = 1, ..., 𝑇 is

𝑌𝑖𝑡 =
⎧{
⎨{⎩

𝑌𝑖𝑡(0) if 𝑖 = 1 and 𝑡 = 1, ..., 𝑇0
𝑌𝑖𝑡(1) if 𝑖 = 1 and 𝑡 = 𝑇0 + 1, ..., 𝑇
𝑌𝑖𝑡(0) if 𝑖 = 2, ..., 𝑁

with two potential outcomes 𝑌𝑖𝑡(0) and 𝑌𝑖𝑡(1).
We are interested in the treatment effect on the treated for 𝑡 > 𝑇0:

𝜏𝑡 ≡ 𝑌1𝑡(1) − 𝑌1𝑡(0)
= 𝑌1𝑡 − 𝑌1𝑡(0)
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Canonical SC
Canonical SC assumes that there exists a vector of weights
𝒘 ≡ (𝑤2, ..., 𝑤𝑁)′ such that for all 𝑡 = 1, ..., 𝑇

𝑌1𝑡(0) ≈
𝑁

∑
𝑖=2

𝑤𝑖𝑌𝑖𝑡

By matching the treated and control units’ pre-treatment outcomes

𝒘 = arg min
𝒘∈𝓦

𝑇0

∑
𝑡=1

(𝑌1𝑡 −
𝑁

∑
𝑖=2

𝑤𝑖𝑌𝑖𝑡)
2

𝓦 = {𝒘 ∈ ℝ𝑁−1
+ ∶ ‖𝒘‖1 = 1}

the SC estimator of 𝑌1𝑡(0) for 𝑡 > 𝑇0 is given by

𝑌1𝑡(0) =
𝑁

∑
𝑖=2

𝑤𝑖𝑌𝑖𝑡
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Implementation

In words, implementing the SC method involves two steps:

(i) The treated unit is matched to control units using only their
pre-treatment outcomes via constrained regressions.

(ii) The counterfactual outcome of the treated unit is predicted
by applying the pre-treatment matching weights to the
post-treatment outcomes of the control units.

For demonstration, we use the scpi software package provided by
Cattaneo, Feng, Palomba & Titiunik (2024), which is available in
Python, R, and Stata.
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Package Comparison

4 scpi: Synthetic Control

and computational speed. Finally, scpi is the only package available in Python, R, and Stata,
which gives full portability across multiple statistical software and programming languages,
and also the only package employing directly native conic optimization via the ECOS solver
(see Table 4 for details).

Package Statistical Prediction Inference Multiple Staggered Misspecification Automatic Last
name platform method method treated adoption robust parallelization update

ArCo R LA Asym ✓ 2017-11-05
pgsc R SC Perm ✓ 2018-10-28
npsynth St SC Perm 2020-06-23
tidysynth R SC Perm 2021-01-27
scinference R SC, LA Perm ✓ 2021-05-13

gsynth R FA Asym ✓ ✓ ✓ 2021-08-06
Synth Py SC Perm 2021-10-07
treebased-sc Py TB Perm ✓ 2021-11-01
sytnhdid R LS, RI Asym ✓ ✓ 2022-03-15
allsynth St SC Perm ✓ ✓ 2022-06-22

SCtools R SC Perm ✓ ✓ 2022-06-09
scul St LA Perm ✓ 2022-08-21
MSCMT R SC Perm ✓ 2023-04-17
Synth R, St SC Perm 2023-06-02
microsynth R CA Perm ✓ ✓ 2023-06-30

augsynth R SC, RI Perm ✓ ✓ 2023-09-21
synth2 St SC Perm 2023-10-05
SCUL R LA Perm 2023-10-10

scpi Py, R, St SC, LA, RI, LS, + PI, Asym, Perm ✓ ✓ ✓ ✓ 2023-11-01

Table 1: Comparison of different packages available on PyPi, CRAN, REPEC, or GitHub. Py =
Python (https://www.python.org/); R = R (https://cran.r-project.org/); St = Stata
(https://www.stata.com/); LA = Lasso penalty; CA = calibration; FA = factor-augmented
models; LS = unconstrained least squares; RI = Ridge penalty; SC = canonical synthetic con-
trol; TB = tree-based methods; + = user-specified options (see Table 3 below for more details);
Perm = permutation-based inference; Asym = asymptotic-based inference; PI = prediction in-
tervals (non-asymptotic probability guarantees). The symbol ✓ means that the feature is
available. The last column reports the date of last update as of November 1, 2023.

The rest of the article is organized as follows. Section 2 introduces the canonical synthetic
control setup and briefly discusses extensions to multiple treated units with possibly stag-
gered treatment adoption. Section 3 gives a brief introduction to the theory and method-
ology underlying point estimation/prediction for synthetic control methods, discussing im-
plementation details. Section 4 gives a brief introduction to the theory and methodology
underlying uncertainty quantification via prediction intervals for synthetic control methods,
and also discusses the corresponding issues of implementation. Section 5 showcases some of
the functionalities of the package using a real-world dataset, and Section 6 concludes. The
appendices illustrate the Python (Appendix A) and Stata (Appendix B) implementations of
scpi. Detailed instructions for installation, script files to replicate the analyses, links to soft-
ware repositories, and other companion information can be found in the package’s website,
https://nppackages.github.io/scpi/.

2. Setup

9 / 50



Introduction German Reunification California’s Proposition 99 Economic Liberalization

Example 1: German Reunification

Using the SC method, Abadie, Diamond & Hainmueller (2015,
AJPS) study the economic consequences of German reunification.

• Treatment: German reunification in 1990.
• Outcome variable: GDP per capita (in 2002 USD).
• Treated unit: West Germany.
• Control units: 16 OECD member countries.
• Pre-treatment period: 1960–1990.
• Post-treatment period: 1991–2003.

Replication data is provided in the scpi package.
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Summary Statistics

# Install & load packages
install.packages("scpi")
library(scpi)
library(dplyr)
library(ggplot2)

# Load data
data <- scpi_germany
summary(data)

index country year gdp
Min. : 1.00 Length:748 Min. :1960 Min. : 0.707
1st Qu.: 5.00 Class :character 1st Qu.:1971 1st Qu.: 3.985
Median : 9.00 Mode :character Median :1982 Median :10.258
Mean :10.29 Mean :1982 Mean :12.144
3rd Qu.:16.00 3rd Qu.:1992 3rd Qu.:18.878
Max. :21.00 Max. :2003 Max. :37.548

infrate trade schooling industry
Min. :-0.9151 Min. : 9.429 Min. : 3.50 Min. :21.59
1st Qu.: 2.4683 1st Qu.: 33.843 1st Qu.:26.40 1st Qu.:29.35
Median : 4.0800 Median : 49.530 Median :38.00 Median :33.07
Mean : 5.8677 Mean : 53.124 Mean :36.36 Mean :33.24
3rd Qu.: 7.5101 3rd Qu.: 68.511 3rd Qu.:46.90 3rd Qu.:36.38
Max. :28.7833 Max. :149.682 Max. :69.60 Max. :48.00
NA's :21 NA's :102 NA's :597 NA's :207
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Time Series Plot
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(Synthetic) West Germany
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Data Preparation

df <- scdata(
df = data,
id.var = "country",
time.var = "year",
outcome.var = "gdp",
unit.tr = "West Germany",
unit.co = setdiff(data$country,

"West Germany"),
period.pre = 1960:1990,
period.post = 1991:2003,

features = "gdp",
constant = TRUE,

)

summary(df)

Synthetic Control - Setup

Treated Unit: West Germany
Size of the donor pool: 16
Features: 1
Pre-treatment period: 1960 || 1990
Post-treatment period: 1991 || 2003
Pre-treatment periods used in estimation: 31
Covariates used for adjustment: 1

• features: features (predictor variables) to be matched.
• constant: allow for a constant shift in the counterfactual

outcome of the treated unit, i.e., 𝑌1𝑡(0) = 𝛼 + ∑𝑁
𝑖=2 𝑤𝑖𝑌𝑖𝑡.
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(Im)Perfect Matching
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• Under perfect matching, both methods work well.
• Under imperfect matching, only SC with constant is effective.
• See Ferman & Pinto (2021, QE) for more details.
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SC Estimation

res <- scest(
data = df,
w.constr = list(name = "simplex"),
# w.constr = list(name = "ols"),
# w.constr = list(name = "lasso"),
# w.constr = list(name = "ridge"),
# w.constr = list(name = "L1-L2"),

)

summary(res)

Synthetic Control Prediction - Results

Active donors: 6

Coefficients:
Weights

Australia 0.000
Austria 0.441
Belgium 0.000
Denmark 0.000
France 0.000
Greece 0.000
Italy 0.177
Japan 0.014
Netherlands 0.058
New Zealand 0.000
Norway 0.000
Portugal 0.000
Spain 0.000
Switzerland 0.036
UK 0.000
USA 0.274

Covariates
West Germany.0.constant 0.158
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SC Plots

plot <- scplot(
result = res,
col.synth = "mediumblue",
col.treated = "black",
label.xy = list(

x.lab = "Year",
y.lab = "GDP per capita (1000 USD)"),

x.ticks = seq(1960, 2000, by = 10),
event.label = list(

lab = "Reunification", height = 10),
)

plot$plot_out +
ggtitle(NULL) +
scale_color_manual(

values = c("mediumblue", "black"),
labels = c("Synthetic West Germany",

"West Germany"))

plot_wt <- coef(res)
plot_wt +

theme(axis.text.x = element_text(
angle = 45, vjust = 1, hjust = 1))
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Different Constraints on the Weights
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Different Constraints on the Weights
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(b) Simplex
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(c) Lasso
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(d) Ridge
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Lasso (L1) and Ridge (L2) Regularization
10 scpi: Synthetic Control

Name w.constr Form of W

OLS list(name = ‘ols’) RJ

Simplex list(name = ‘simplex’, Q = Q) {w ∈ RJ
+ : ||w||1 = Q}

Lasso list(name = ‘lasso’, Q = Q) {w ∈ RJ : ||w||1 ≤ Q}
Ridge list(name = ‘ridge’, Q = Q) {w ∈ RJ : ||w||2 ≤ Q}
L1-L2 list(name = ‘L1-L2’, Q = Q, Q2 = Q2) {w ∈ RJ

+ : ||w||1 = Q, ||w||2 ≤ Q2}

Table 2: Constraints on the weights directly implemented in scpi.

Popular constraints can be called explicitly using the option name in the list passed to
w.constr. Table 2 gives prototypical examples of such constraints. In particular, speci-
fying list(name = ‘simplex’, Q = 1) gives the standard constraint used in the canonical
synthetic control method, that is, computing weights in (1) such that they are non-negative
and sum up to one, and without including an intercept. This is the default in the function
scest() (and scpi()). The following snippet showcases how each of these five constraints
can be called automatically through the option name and manually through the options p, Q,
Q2, lb, and dir. For simplicity, Q and Q2 are set to 1 for ridge and L1-L2 constraints, but to
replicate the results obtained with the option name one should input the proper Q according
to the rules of thumb described further below.

R> w.constr <- list(name = "simplex")
R> w.constr <- list(p = "L1", lb = 0, Q = 1, dir = "==")

R> w.constr <- list(name = "ols")
R> w.constr <- list(p = "no norm", lb = -Inf, Q = NULL, dir = NULL)

R> w.constr <- list(name = "lasso")
R> w.constr <- list(p = "L1", lb = -Inf, Q = 1, dir = "<=")

R> w.constr <- list(name = "ridge")
R> w.constr <- list(p = "L2", lb = -Inf, Q = 1, dir = "<=")

R> w.constr <- list(name = "L1-L2")
R> w.constr <- list(p = "L1-L2", lb = 0, Q = 1, Q2 = 1, dir = "==/<=")

Using the option w.constr in scest() (or scpi()) and the options cov.adj and constant
in scdata() appropriately, i.e., setting W and R in (1), many synthetic control estimators
proposed in the literature can be implemented. Table 3 provides a non-exhaustive list of such
examples.

Tuning parameter choices
We provide rule-of-thumb choices of the tuning parameter Q for Lasso- and Ridge-type con-
straints.

• Lasso (p = 1). Since Lasso is similar in spirit to the “simplex”-type traditional constraint
in the synthetic control literature, we propose Q = 1 as a rule of thumb.
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Interpolation and Extrapolation
Journal of Statistical Software 11

Article W R w.constr
constant

name Q Q2

Hsiao et al. (2012) RJ R "ols" NULL NULL TRUE
Abadie et al. (2010) {w ∈ RJ

+ : ||w||1 = 1} {0} "simplex" 1 NULL FALSE
Ferman and Pinto (2021) {w ∈ RJ

+ : ||w||1 = 1} R "simplex" 1 NULL TRUE
Chernozhukov et al. (2021) {w ∈ RJ : ||w||1 ≤ 1} R "lasso" 1 NULL TRUE
Amjad et al. (2018) {w ∈ RJ : ||w||2 ≤ Q} {0} "ridge" Q NULL FALSE
Arkhangelsky et al. (2021) {w ∈ RJ

+ : ||w||1 = 1, ||w||2 ≤ Q2} R "L1-L2" 1 Q TRUE

Table 3: Examples of W and R in the synthetic control literature (M = 1).

• Ridge (p = 2). It is well known that the Ridge prediction problem can be equivalently
formulated as an unconstrained penalized optimization problem and as a constrained op-
timization problem. More precisely, assuming C is not used and M = 1 for simplicity, the
two Ridge-type problems are

ŵ := arg min
w∈RJ

(A − Bw)′V(A − Bw) + λ||w||22,

where λ ≥ 0 is a shrinkage parameter, and

ŵ := arg min
w∈RJ , ||w||22≤Q2

(A − Bw)′V(A − Bw),

where Q ≥ 0 is the (explicit) size of the constraint on the norm of w. Under the assumption
of Gaussian errors, a risk-minimizing choice (Hoerl, Kannard, and Baldwin 1975) of the
standard shrinkage tuning parameter is

λ = Jσ̂2
OLS/∥ŵOLS∥2

2,

where σ̂2
OLS and ŵOLS are estimators of the variance of the pseudo-true residual u and the

coefficients w0 based on least squares regression, respectively.
Since the two optimization problems above are equivalent, there exists a one-to-one corre-
spondence between λ and Q. For example, assuming the columns of B are orthonormal,
the closed-form solution for the Ridge estimator is ŵ = (I + λI)−1ŵOLS, and it follows that
if the constraint on the ℓ2-norm is binding, then Q = ||ŵ||2 = ||ŵOLS||2/(1 + λ).

However, if J > T0, ŵOLS does not exist, hence we cannot rely on the approach suggested
above. Indeed, the proposed mapping between λ and Q is ill-defined and we are unable to
estimate λ. In this case, we first make the design low-dimensional by performing variable
selection on B with Lasso. Once we select the columns of B whose Lasso coefficient is
non-zero, we choose λ according to the rule of thumb described above.
If more than one feature is specified (M > 1), we compute the size of the constraint Ql for
each feature l = 1, . . . , M and then select Q as the tightest constraint to favor shrinkage
of w, that is Q := minl=1,...,M Ql.

Missing data
In case of missing values, we adopt different strategies depending on which units have missing
entries and when these occur.
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Example 2: California’s Proposition 99

Another seminal study by Abadie, Diamond & Hainmueller (2010,
JASA) evaluates the effectiveness of tobacco control in California.

• Treatment: Proposition 99, a large-scale tobacco control
program adopted in California in 1988.

• Outcome variable: cigarette sales per capita (in packs).
• Treated unit: California.
• Control units: 38 states without similar programs.
• Pre-treatment period: 1970–1988.
• Post-treatment period: 1989–2000.

Replication data is provided in the synthdid package.
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Time Series Plot
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Data Preparation

df <- scdata(
df = data,
id.var = "State",
time.var = "Year",
outcome.var = "PacksPerCapita",
unit.tr = "California",
unit.co = setdiff(data$State,

"California"),
period.pre = 1970:1988,
period.post = 1989:2000,
features = "PacksPerCapita",
constant = FALSE,

cointegrated.data = TRUE,
)

summary(df)

Synthetic Control - Setup

Treated Unit: California
Size of the donor pool: 38
Features: 1
Pre-treatment period: 1970 || 1988
Post-treatment period: 1989 || 2000
Pre-treatment periods used in estimation: 19
Covariates used for adjustment: 0

• cointegrated.data: whether the outcomes from the treated
and control units form a cointegrated system, i.e., 𝑌𝑖𝑡 ∼ 𝐼(1)
for all 𝑖 and 𝑌1𝑡 − ∑𝑖≥2 𝑤𝑖𝑌𝑖𝑡 ∼ 𝐼(0).

• It only affects the inference procedure as explained below.
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SC Estimation (Inference?)

res_est <- scest(
data = df,
w.constr = list(name = "simplex"),
# w.constr = list(name = "ols"),
# w.constr = list(name = "lasso"),
# w.constr = list(name = "ridge"),
# w.constr = list(name = "L1-L2"),

)

plot_est <- scplot(
result = res_est,
col.synth = "mediumblue",
col.treated = "black",
label.xy = list(

x.lab = "Year",
y.lab = "Cigarette sales per capita"),

x.ticks = seq(1970, 2000, by = 10),
event.label = list(

lab = "Proposition 99", height = 60),
)

plot_est$plot_out +
ggtitle(NULL) +
scale_color_manual(

values = c("mediumblue", "black"),
labels = c("Synthetic California",

"California"))

coef(res_est)
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Permutation-Based Inference
Permutation-Based Inference
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Example: California tobacco control program
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14/28• Proposed by Abadie, Diamond & Hainmueller (2010, JASA),
also known as the placebo test.
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Pointwise and Simultaneous Prediction Intervals
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• Developed by Cattaneo, Feng & Titiunik (2021, JASA).
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Two Sources of Uncertainty
Recall that the quantity of interest is

𝜏𝑡 = 𝑌1𝑡 − 𝑌1𝑡(0) (1)

• It is better treated as random rather than a fixed parameter.
Canonical SC assumes that for the pre-treatment period 𝑡 ≤ 𝑇0,
there exists a set of pseudo-true weights {𝑤0

𝑖 ∶ 𝑖 ≥ 2} such that

𝑌1𝑡(0) = ∑
𝑖≥2

𝑤0
𝑖 𝑌𝑖𝑡 + 𝑢𝑡 (2)

Under correct specification (say 𝑢𝑡 = 0), {𝑤0
𝑖 } can be effectively

estimated by the pre-treatment matching weights {𝑤𝑖}, yielding
the SC estimator of (1):

̂𝜏𝑡 = 𝑌1𝑡 − ∑
𝑖≥2

𝑤𝑖𝑌𝑖𝑡 (3)
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Two Sources of Uncertainty
Similar to (2), we may assume that for 𝑡 > 𝑇0

𝑌1𝑡(0) = ∑
𝑖≥2

𝑤0
𝑖 𝑌𝑖𝑡 + 𝑒𝑡 (4)

where 𝑒𝑡 represents misspecification error plus any additional noise
occurring at the post-treatment period.
Using (1), (3) and (4), it follows that for 𝑡 > 𝑇0

̂𝜏𝑡 − 𝜏𝑡 = 𝑌1𝑡(0) − ∑
𝑖≥2

𝑤𝑖𝑌𝑖𝑡

= − ∑
𝑖≥2

(𝑤𝑖 − 𝑤0
𝑖 )𝑌𝑖𝑡

⏟⏟⏟⏟⏟⏟⏟⏟⏟
in-sample uncertainty

+ 𝑒𝑡⏟
out-of-sample
uncertainty
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In-Sample Uncertainty: Stationary Case
Let 𝒙𝑡 ≡ (𝑌2𝑡, ..., 𝑌𝑁𝑡)′ and ℋ ≡ {𝒙𝑡 ∶ 𝑡 ≥ 1} the conditioning set.
For the stationary case:

√𝑇0(𝒘−𝒘0) = arg min
𝜹∈𝚫

𝜹′ ⎛⎜
⎝

1
𝑇0

𝑇0

∑
𝑡=1

𝒙𝑡𝒙′
𝑡⎞⎟
⎠⏟⏟⏟⏟⏟⏟⏟

𝑸

𝜹−2 ⎛⎜
⎝

1
√𝑇0

𝑇0

∑
𝑡=1

𝒙′
𝑡𝑢𝑡⎞⎟

⎠⏟⏟⏟⏟⏟⏟⏟
𝜸̂

𝜹

• 𝑸 is fixed conditional on ℋ.
• Approximate 𝜸̂ (possibly misspecified) by Berry-Esseen bound:

ℙ(𝜸̂ − 𝔼(𝜸̂|ℋ) ∈ 𝒢) ≈ ℙ(𝑮 ∈ 𝒢)

where 𝑮 ∼ 𝒩(0, 𝕍(𝜸̂|ℋ)).
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In-Sample Uncertainty: Cointegrated Case
Let 𝒙𝑡 ≡ (𝑌2𝑡, ..., 𝑌𝑁𝑡)′ and ℋ ≡ {𝒙𝑡 ∶ 𝑡 ≥ 1} the conditioning set.
For the cointegrated case:

𝑇0(𝒘−𝒘0) = arg min
𝜹∈𝚫

𝜹′ ⎛⎜
⎝

1
𝑇 2

0

𝑇0

∑
𝑡=1

𝒙𝑡𝒙′
𝑡⎞⎟
⎠⏟⏟⏟⏟⏟⏟⏟

𝑸

𝜹−2 ⎛⎜
⎝

1
𝑇0

𝑇0

∑
𝑡=1

𝒙′
𝑡𝑢𝑡⎞⎟

⎠⏟⏟⏟⏟⏟⏟⏟
𝜸̂

𝜹

• 𝑸 is fixed conditional on ℋ.
• Approximate 𝜸̂ (possibly misspecified) by Berry-Esseen bound:

ℙ(𝜸̂ − 𝔼(𝜸̂|ℋ) ∈ 𝒢) ≈ ℙ(𝑮 ∈ 𝒢)

where 𝑮 ∼ 𝒩(0, 𝕍(𝜸̂|ℋ)).
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Out-of-Sample Uncertainty
Three approaches to quantify out-of-sample uncertainty 𝑒𝑡|ℋ:

(i) Sub-Gaussian bounds: suppose that 𝑒𝑡|ℋ is sub-Gaussian

ℙ(|𝑒𝑡 − 𝔼[𝑒𝑡|ℋ]| ≥ 𝜛𝑒|ℋ) ≤ 2 exp(− 𝜛2
𝑒

2𝜎2
ℋ

)

(ii) Location-scale model: assume that 𝜀𝑡 ⟂ ℋ and

𝑒𝑡 = 𝔼[𝑢𝑡|ℋ] + (𝕍[𝑢𝑡|ℋ])1/2𝜀𝑡

(iii) Quantile regression: ℚ𝑢𝑡|ℋ(𝛼/2) and ℚ𝑢𝑡|ℋ(1 − 𝛼/2).
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Sub-Gaussianity

• If the (excess) kurtosis of 𝑒𝑡|ℋ is negative, then 𝑒𝑡|ℋ is also
said to be sub-Gaussian.

33 / 50



Introduction German Reunification California’s Proposition 99 Economic Liberalization

Non-Asymptotic Conditional Prediction Intervals
Cattaneo, Feng & Titiunik (2021, JASA, Lemma 1)
Suppose that there exist 𝑀1,L, 𝑀1,U, 𝑀2,L, 𝑀1,U satisfying

ℙ[𝑀1,L ≤ − ∑
𝑖≥2

(𝑤𝑖 − 𝑤0
𝑖 )𝑌𝑖𝑡 ≤ 𝑀1,U∣ℋ] ≥ 1 − 𝛼1

ℙ[𝑀2,L ≤ 𝑒𝑡 ≤ 𝑀2,U∣ℋ] ≥ 1 − 𝛼2

with high probability over ℋ. Then,

ℙ[ ̂𝜏𝑡 − 𝑀1,U − 𝑀2,U ≤ 𝜏𝑡 ≤ ̂𝜏𝑡 − 𝑀1,L − 𝑀2,L∣ℋ] ≥ 1 − 𝛼1 − 𝛼2

with high probability over ℋ.
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Simultaneous Prediction Intervals
For some 𝐿 ≥ 1, one can also construct a sequence of intervals
that has high simultaneous coverage over multiple periods:

ℙ[𝜏𝑡 ∈ 𝒯𝑡, for all 𝑇0 + 1 ≤ 𝑡 ≤ 𝑇0 + 𝐿|ℋ] ≥ 1 − 𝛼1 − 𝛼2

with high probability over ℋ.
To quantify out-of-sample uncertainty in this case, the scpi
package generalizes the sub-Gaussian method to

𝑀2,L,𝑡 = 𝔼[𝑒𝑡|ℋ] − √2𝜎2
ℋ log(2𝐿/𝛼2)

𝑀2,U,𝑡 = 𝔼[𝑒𝑡|ℋ] + √2𝜎2
ℋ log(2𝐿/𝛼2)

yielding wider simultaneous PIs than their pointwise counterparts.
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SC Prediction Intervals

res_pi <- scpi(
data = df,
w.constr = list(name = "simplex"),

e.method = "gaussian", # sub-Gaussian bounds
# e.method = "ls", # location-scale model
# e.method = "qreg", # quantile regression
u.alpha = 0.05, # in-sample confidence level
e.alpha = 0.05, # out-of-sample conf. level

)

plot_pi <- scplot(
result = res_pi,
label.xy = list(x.lab = NULL, y.lab = NULL),
x.ticks = seq(1970, 2000, by = 10),

joint = TRUE, # include simultaneous PI
)

plot_pi$plot_out +
...
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(c) Quantile regression

• These PIs are of 1 - 0.05 - 0.05 = 90% coverage probability.
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More Options

res_pi <- scpi(
data = df,
w.constr = list(name = "simplex"),
e.method = "gaussian",
u.alpha = 0.05,
e.alpha = 0.05,

u.missp = TRUE, # misspecification
sims = 200, # simulations
cores = 1, # parallelization

)

plot_pi <- scplot(
...

plot_pi$plot_out +
...
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Synthetic California California

• u.missp: whether the SC model is treated as misspecified.
• sims: number of simulations used to quantify in-sample error.
• cores: number of cores used for parallel computing.
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Example 3: Economic Liberalization

Cattaneo, Feng, Palomba & Titiunik (2023) study the effects of
economic liberalization on GDP for emerging European countries.

• Treatment: Economic liberalization episodes in the 1990s.
• Outcome variable: GDP per capita (in logs).
• Treated units: 7 emerging European countries.
• Control units: 18 countries worldwide without liberalization.
• Pre-treatment periods: 1963–1990, 1991, 1992.
• Post-treatment periods: 1990, 1991, 1992–2000.

Multiple treated units with simultaneous and staggered adoption.
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Time Series Plots
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Multiple Treated Units Case

df <- scdataMulti(
df = data,
id.var = "countryname",
time.var = "year",
outcome.var = "lgdp",
treatment.var = "liberalization",
units.est = treated_units,
post.est = 10,
features = list("lgdp"),
constant = TRUE,
cointegrated.data = FALSE,

effect = "unit-time", # individual treatment effect
# effect = "unit", # average post-treatment effect
# effect = "time", # average treatment effect

# on the treated (ATT)
)

res <- scpi(
data = df,
w.constr = list(name = "L1-L2"),
e.method = "gaussian",

V = "separate", # separate fit
# V = "pooled", # pooled fit

)

plot <- scplotMulti(
result = res,
joint = TRUE,
type = "series",

)

plot$plot_out +
...

• What are these treatment effects?
• What are separate and pooled fits?
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Quantities of InterestFigure 1: Graphical illustration of the individual treatment effect, τ̂ik.

Notes: The black line displays the times series of the treated unit’s outcome, whereas the blurred gray lines portray
the same variable for the donor units. The blue line is the synthetic control constructed out of the donor units using
a simplex-type constraint. The pink vertical line represents the quantity τ̂ik described in Example 3.1, where k is set
to 5.

average post-treatment effect is given by

τ̂i· :=
1

T − Ti + 1

T∑
t=Ti

(
Yit − Ŷit(∞)

)
=

1

T − Ti + 1

T∑
t=Ti

Yit − p′
τi·β̂,

where the predictor vector in this case is given by

pτi· :=
(
0′J+KM , · · · ,0′J+KM︸ ︷︷ ︸

(i−1) vectors

,
1

T − Ti + 1

∑
t≥Ti

p
[i]′
t , 0′J+KM , · · · ,0′J+KM︸ ︷︷ ︸

(N1−i) vectors

)′
.

See Figure 2 for a graphical representation of τ̂i·.

Example 3.3 (Average Treatment Effect on the Treated at s0 after k Periods, τ·k,s0). Suppose that

the causal predictand of interest is the average treatment effect for units that adopt the treatment at

time s0, k periods after treatment adoption, i.e., τ·k,s0 defined above. Let the set of pre-treatment

periods be {t : t ≤ s0− 1}, and take the set of units that adopt the treatment later than s0 + k, i.e.,

12

(a) Individual treatment effect

Figure 2: Graphical illustration of the average post-treatment effect, τ̂i·.

Notes: The black line displays the times series of the treated unit’s outcome, whereas the blurred gray lines portray
the same variable for the donor units. The blue line is the synthetic control constructed out of the donor units using
a simplex-type constraint. The dashed lines represent the post-treatment average of the treated time series (black)
and the synthetic control time series (blue). The pink vertical line represents the quantity τ̂i· described in Example
3.2.

{j : Tj > s0 + k}, as the donor pool. We have two different strategies to conduct the SC analysis:

• Implement the procedure described above, which allows for different SC weights on different

treated units. Suppose {i : Ti = s0} = {i1, · · · , ins0
}. Then, the predicted effect is given by

τ̂·k,s0 :=
1

ns0

∑
i:Ti=s0

(
Yi(s0+k) − Ŷi(s0+k)(∞)

)
=

1

ns0

∑
i:Ti=s0

Yi(s0+k) − p′
τ·k,s0

β̂,

where the predictor vector in this case is given by

pτ·k,s0
:=

(
0′J+KM , · · · ,0′J+KM︸ ︷︷ ︸

(i1−1) vectors

,
1

ns0

p
[i1]′
s0+k, · · · ,

1

ns0

p
[ins0

]′
s0+k , 0′J+KM , · · · ,0′J+KM︸ ︷︷ ︸

(N1−ins0
) vectors

)′
.

• Aggregate different treated units into one single unit, denoted by “ave”, whose potential out-

13

(b) Average post-treatment effect

comes are given by the average of all units treated at time s0:

Y ave
t (s; s0) :=

1

ns0

∑
i:Ti=s0

Yit(s), t = 1, . . . , T, s = 1, . . . , T,∞.

More precisely, Y ave
t (s; s0) is the potential outcome of the aggregate unit ave in period t that

would be observed if it had adopted the treatment in period s, while ave actually adopted the

treatment in period s0. Other features of this aggregate unit can be constructed similarly as

the average of multiple units treated at s0. The SC weights can be obtained using the data of

the aggregate unit ave and control units in the donor pool from pre-treatment period. Then,

the SC analysis proceeds exactly the same way as in Example 3.1. See Figure 3 for a graphical

representation of τ̂·k,s0.

Figure 3: Graphical illustration of the average treatment effect on the treated at s0 after k periods, τ̂·k,s0 .

Notes: The black lines display the times series of the treated units’ outcome, whereas the blurred gray lines portray
the same variable for the donor units. The blue lines are the synthetic controls constructed out of the donor units
using a simplex-type constraint. The largest black triangle represents the average of the treated units’ outcomes at
s0 + k, with s0 set to 2015 and k set to 5. Similarly, the largest blue circle is the average of the synthetic controls
at s0 + k. The pink vertical line represents the quantity τ̂·k,s0 described in Example 3.3. ns0 denotes the number of
treated units that received the treatment at time s0.

14

(c) ATT (simultaneous adoption)

Example 3.4 (Average Treatment Effect on all Treated after k Periods, τ·k). Suppose that the

quantity of interest is the average treatment effect for all treated units k periods after treatment

adoption, i.e., τ·k defined above. Let the set of pre-treatment periods be {t : t ≤ T1 − 1} and the

donor pool be {j : Tj =∞}. Then, the predicted effect is given by

τ̂·k :=
1

N1

N1∑
i=1

(
Yi(Ti+k) − Ŷi(Ti+k)

)
=

1

N1

N1∑
i=1

Yit − p′
τ·k

β̂,

where the predictor vector in this case is given by

pτ·k :=
( 1

N1
p
[1]′
T1+k, · · · ,

1

N1
p
[N1]′
TN1

+k

)′
.

See Figure 4 for a graphical representation of τ̂·k.

Figure 4: Graphical illustration of the average treatment effect on all treated after k periods τ̂·k.

Notes: The black lines display the times series of the treated units’ outcome, whereas the blurred gray lines portray
the same variable for the donor units. The blue lines are the synthetic controls constructed out of the donor units
using a simplex-type constraint. The largest black triangle represents the average of the treated units’ outcomes k
periods after treatment, with k set to 5. Similarly, the largest blue circle is the average of the synthetic controls k
periods after treatment. The pink vertical line represents the quantity τ̂·k,s0 described in Example 3.4.

As pointed out by Ben-Michael, Feller and Rothstein (2022), with multiple treated units, the SC

15

(d) ATT (staggered adoption)

41 / 50



Introduction German Reunification California’s Proposition 99 Economic Liberalization

Individual Treatment Effects
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Unit Weights
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Average Post-Treatment Effects
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ATT for Countries Liberalized in 1991
aggregate
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Separate Fit
Bulgaria Czech Republic Slovak Republic
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• V = “separate” to optimize separate fit for each treated unit:

arg min
𝒘𝑖∈𝓦

𝑇0

∑
𝑡=1

⎛⎜
⎝

𝑌𝑖𝑡 −
𝑁1+𝑁0

∑
𝑗=𝑁1+1

𝑤𝑖
𝑗𝑌𝑗𝑡⎞⎟

⎠

2
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ATT for All Liberalized Countries
aggregate
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Pooled Fit
Albania BulgariaCzech RepublicHungary Poland RomaniaSlovak Republic
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• V = “pooled” to optimize pooled fit for avg. of treated units:
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Conclusion

Synthetic control method is a powerful tool for policy evaluation
and causal inference in panel data settings.
Recent advancements include:

• Different constraints on weight selection.
• Uncertainty quantification through prediction intervals.
• Handling multiple treated units with staggered adoption.
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Future Research

Some of my ongoing projects:

• Can the house hoarding tax reduce Taipei’s vacancy rate? A
synthetic control approach.

• High-dimensional regression association: A matching and
synthetic control approach.

• Mediation analysis synthetic control with multiple mediators.
• Mediation analysis synthetic control with multiple treated

units.
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